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PREFACE 


Tuis text, which has evolved through several mimeo- 
graphed editions in the Out-of-Hour Courses of Bell Telephone 
Laboratories, is intended primarily for students of Engineering 
and its allied sciences. 

To such an audience technical applications and illustrations 
are of the highest value, for they stimulate a lively interest in, 
and add depth of meaning to, abstract mathematical ideas 
which otherwise might remain rather vague. They are not 
without their danger, however, if they are used unwisely, for 
should the student come to rely upon his physical intuition as 
a substitute for abstract logic, rather than as an aid to it, he 
would have missed half the benefit of his study. He might 
indeed acquire a considerable degree of proficiency in operating 
the machinery of mathematics, but he would lack that deeper 
understanding of principles which forms the dividing line 
between mechanic and engineer. 

In order to avoid this potential danger, most of the illus- 
trative material in this text has been collected into separate 
chapters. Not only does this arrangement allow an uninter- 
rupted development of mathematical ideas, but it also permits 
the inclusion of many more examples than would otherwise be 
feasible. The freedom of choice provided by this excess of 
material may perhaps be of little value to the instructor, who 
will probably draw his illustrations largely from the subject 
in which he is at the moment most interested, whether it be in 
the text or not; but the Out-of-Hour courses have shown it to 
have another sort of merit, in that the better students develop 
a spontaneous interest in these illustrations, even when they 
are not assigned, and follow them up on their own initiative. 
The educational value of such voluntary effort needs no special 
emphasis. 


vi PREFACE 


In the final revision of the text I have been much benefited 
by the advice of Mr. L. A. MacColl and Mr. G. G. Muller, of 
Bell Telephone Laboratories, both of whom have conducted 
Out-of-Hour Courses on the subject, and of Professor J. H. M. 
Wedderburn, of Princeton University, who read the manuscript 
and made a number of valuable suggestions. I have also 
been aided in many ways by Miss Clara L. Froelich, of Bell 
Telephone Laboratories, who, among other things, prepared 
the figures with which the book is illustrated, furnished answers 
to the problems and read the proof sheets. 


TuHorntTon C. Fry. 


New York, 
February 1, 1929. 
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CHAPTER I 
INTRODUCTION 


§ 1. Preliminary Definitions 


Any function of a set of variables and their derivatives is 
a differential expression, and any equation containing a differ- 
ential expression is a differential equation. If an equation has 
derivatives with respect to one variable only it is called an 
ordinary differential equation; otherwise it is a partial differ- 
ential equation. In either case the variables with respect to 
which differentiation is performed are independent variables, 
and those of which the derivatives are taken, dependent vari- 
ables. The last two terms, however, although they are 
indispensable in speaking and writing about differential 
equations, represent a somewhat artificial distinction; for it 
is always possible to so transform a differential expression as 
to cause some of the variables which originally were inde- 
pendent to appear as dependent variables, and vice versa. 

The order of a differential equation is the order of the 
highest derivative involved. Thus the order of the equation 


pelea ce ee (5*)'- 
x8 dx y t0y" dy 
is 3. 

The degree of a differential equation is the exponent of the 
derivative of highest order appearing in the equation after it 
is completely rationalized and cleared of fractions. That is, 
the degree of the equation above is 1, because the exponent of 

3 
— is 1. On the other hand, the degree of 
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pei a? 
is 2, because when the radical is removed a appears as a 
X0 


square. 

: An ordinary differential equation is said to be /inear if it is 
of the first degree in the dependent variable and all of its 
derivatives. Such an equation, if it has only one dependent 
variable, can always be written in the form 


hoe Se arues ig ae ot file) a + fol)y = 4(4). 


ax 7 


In the special case where all of the functions f are constants, 
this equation is said to be /inear with constant coefficients. It 
is the most important type of ordinary linear equation, as it 
is met in many physical problems, especially those dealing 
with vibrating systems. It is of extreme importance in 
electrical circuit theory. Another special type of ordinary 
linear equation, called the Cauchy linear differential equation, 
is that in which the coefficient of each derivative is the product 
of a constant by a power of x equal to the order of the derivative. 

In case more than one differential equation is used to 
define a set of related dependent variables, the group is spoken 
of as a system of differential equations. Thus 


ype —- es 

SP RS 7 gat © 
dy dz : 
Te ane 


is a system of two ordinary linear differential equations of the 
first order and first degree with variable coefficients. 

Any functional relation between the variables which causes 
a differential equation to become an identity is called a solution 
of the equation. Thus 


dy 
aR Te axy =O (1) 


is a differential equation, of which 


yo (2) 
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is a solution: for if this value of y is substituted in (1) the 
identity 

axe” — axe” = 0 
is obtained. 

Equation (2) happens to be a “solution for y in terms of x” 
in the sense in which that phrase is used in algebra: that is, 
y forms one member of an equation, the other member of 
which is composed of known elementary functions of x. But 
from the standpoint of the theory of differential equations it 
is not necessary that the relationship appear in this form. 
In fact 

log y 


se Mamata eek (3) 


would likewise be called a solution of (1), though in the alge- 
braic sense it is “solved” for neither y nor x. 

The term “solution” is therefore used in a more general 
sense in the present theory than in algebra. Why this more 
general definition is required may be made clear by an example. 
The equation 


ie —sinx =o (4) 
dx 
is evidently equivalent to 
dy _sinx 
dx a 


sin x . d 
is a solution. 


It follows, of course, that the integral of 


But though this solution can be written in the form 


sin x 
— d. 
y if aa (5) 


it cannot be expressed in terms of the elementary functions,’ 
except by means of an infinite series or the like. Hence, if 
the word “solution” were restricted to its algebraic mean- 


1The term “elementary functions” refers to those ordinarily met in algebra 
and trigonometry, including logarithms and exponentials. 
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ing, it would lead to the conclusion that (4) has no solution. 
This conclusion would result, not from the fact that (5) does 
not adequately define y as a function of x, but from the fact 
that there are integrals which cannot be expressed in the form 
demanded by algebra; and this in turn is due to the more or 
less arbitrary choice of those functions which are termed 
“elementary.” On the whole, it appears wiser to extend the 
term “‘solution” to cover any functional relation between the 
dependent and independent variables (but not containing their 
derivatives) which causes the differential equation to be 
identically satisfied. This is the content of the definition given 
above. 


§ 2. Change of Variable in Differential Expressions 


Many differential expressions may be greatly simplified by 
replacing one of the variables by some function of one or more 
of them. It not infrequently occurs that when an expression 
has been so transformed it can be integrated immediately by 
inspection or by some method of integration previously 
developed. In case the differential expression occurs in a 
differential equation this process may lead to a solution of the 
equation: as a matter of fact, many important “standard 
methods of solution”’ can be so interpreted. Hence the study 
of differential equations may properly be begun by reviewing 
briefly the technique of change of variable. 

Consider an arbitrary function of two variables x and y 
and the successive x-derivatives of y. We may denote it by 


PAGES) vias Sete ); 


2 
yyy +++, being written briefly for a, ses 2 NG 
matter how complicated this expression may be, it can be 
transformed by introducing a new variable in place of one of 
the old ones, provided each of the arguments x, y, y’, y”’, - - - 
can itself be so transformed. 


Suppose it is the dependent variable y which is to be 


> 
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replaced, and that the new variable w which is to supplant 
it is related to x and y by a known equation 


S(®, ¥; @) = 6: (6) 


The process in this case is quite simple. It is only necessary 
to solve (6) for y, so as to obtain a relation of the form 


ee o(x, Ww), 
and then to replace y, y’, y”,- - -, by ¢ and the expressions 
that are obtained from ¢ by repeated differentiation with 
respect to x. As ¢ does not contain y none of its x-derivatives 
will contain y, and therefore no y’s will remain in the differen- 


tial expression after the substitutions have been made. 
As an example, consider the differential expression 


oe oy, (7) 


To replace y by a new variable w, related to x and y by the 
equation 

xy — Ww =o, 
it is only necessary to find y and its first two derivatives in 


terms of x and w. But 
Ww 


y=5 


oF (8) 
and hence by actual differentiation 
Cn) 2 
dx x2 dx x8? 
ay ieee viaidw 16 
Qe x are edn KE 
Substituting these values in (7) the entire expression reduces 
aw 
dxt . 
In case the expression (7) is equated to zero there results 
the equation 


to 


#2 4 4x y+ ay = 0. (9) 
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If the student were confronted with the necessity of solving 
this equation and possessed only the tools furnished by the 
Integral Calculus he might be at a loss how to proceed; but 
once the substitution (8) has been made the solution becomes 
evident at once. In fact, in terms of w (9) takes the form 

hake 

ae” 
the solution of which is known to be 

w= ax + B, (10) 


a and 6 being any constants whatsoever. By replacing w 
in (10) by its value x?y, the solution of (g) is obtained at once 
in the form 
eB 
og i xe" 

If it is desired to introduce the new variable w in place 
of the independent variable x, the procedure is somewhat more 
complicated, although it is still perfectly straightforward. 
Let (6) be solved for x, the solution being 


x = Y(y, w). (11) 
Differentiation of this expression with respect to w gives 


dx _ ov dy , dv 


dw dy dw Ow 


This entire quantity is a function of the three arguments 


a ie oe 
y, w and i only, for ay and Aw 
denoted by / for simplicity in writing. Then dx = f dw, and 
therefore 


do not contain x. Let it be 


BY) ~ dw’ (12) 


The right-hand member of (12) does not explicitly contain 
x, hence (11) and (12) together are sufficient to eliminate x 
from any differential expression which does not contain 
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derivatives of y higher than the first. If higher derivatives do 
occur it is only necessary to continue the same processes. 
Thus the quantity which must replace y’’ may be found by 
noting that 


In general 
Cpe Petneserd = iia) 
SD Nall oer ort ie (13) 
eee ; 
the symbol i being repeated » times in succession. This 


expression is often written in the shorthand form 


yw = b Ny 
fda] < 


Though (12) and (13) may appear formidable, the processes 
which they represent are often extremely simple. As formule 
they are of no importance, for once the method is properly 
understood it is generally simpler and quicker to carry out the 
required operations than to apply the formule themselves. 

For instance, consider again the expression (7), and let 


x (11’) 


be the relation between x, y and w which corresponds to 
equation (6) of the general theory; just as x*y — w = o did 
in the preceding example. As it is already solved for x, it 
also corresponds to (11). Its w-derivative is 


Gn 

dw : 
or, in the terms of the general discussion, dx = f dw, the f in 
this case meaning e”. Hence 


a / 
Teast ey (12) 
and 
he eee! BGs tie ee) / 
Meh agai? dw dw dw (13') 


8 ELEMENTARY DIFFERENTIAL EQUATIONS 


With the aid of these, (7) becomes 


d*y ’ 
#2432 ays (7’) 


the form of which differs from (7) in that the coefficients of the 
derivatives are all constant. 

A series of problems assigned in this and later chapters deals 
with the type of expression to which (7) belongs; that is, with 
Cauchy linear equations. Collectively they show that such 
equations can always be reduced to the form (7’), in which 
all the coefficients are constant, and that whenever the latter | 
type can be solved, the former can also. 


§ 3. Continuity } 


The curve of Fig. 1 is said to be discontinuous at 4, but 
continuous at B. That these terms are appropriate is obvious 


Fic. 1. 


from a common-sense point of view, but a more exact formula- 
tion of their meanings is necessary before they can be used for 
mathematical purposes. 


Consider first the point B, the coordinates of which are 


‘The subjects discussed in the remaining sections of this chapter are only 
indirectly related to differential equations. They are collected together in this place 


so that it may not be necessary to interrupt the main argument later on, when we 
find it necessary to refer to them. 


§ 3. CONTINUITY 9 


#9 and yo, and draw a pair of horizontal lines at the heights 
yo +m and yo — n. These cut off a short segment S152 of the 
curve. It is obvious that a pair of vertical lines can be drawn, 
one between xo and s2, the other between 5, and xo, in such a 
way that in the interval between them the curve lies constantly 
between the horizontals yo + 4 and yo — y. If a new value of 
n is chosen, smaller than the old one, s; and 52 will move nearer 
together, and it may be necessary to move the vertical lines 
closer together also; but the statement will still remain true, 
that there is some finite interval about xo within which the 
curve nowhere passes outside the pair of horizontal lines. 

This statement is not true in the case of the point 4, 
however, if the horizontals are chosen as 4; and 42; for no 
matter how small the interval about «1 may be made, the 
portion of the curve to the right of 4 lies outside the pair of 
horizontals. 

Now, obviously the reason the statement is not true of 7 
is, that the curve is not continuous at 4; and this leads us 
to adopt the following definition of a continuous curve : 


A curve 1s said to be continuous at xo if it is possible, upon 
assigning a value n, to find an interval about xo within which 
the ordinate nowhere deviates from its height at xo by a greater 
amount than n, no matter how small n may be. 


The same idea can be phrased in terms of the function which 
the curve represents. It then takes the form: y is a continuous 
function of x at % = xo if, when a number n is assigned, a number 
e can be found such that in the interval between xo — € and 
xo + € the value of y remains constantly between the limits 
yo — n and yo+ 7, no matter how small 4 may be. If this 
statement is violated the function is discontinuous. 

It will be noticed that continuity is defined as a property, 
not of the curve as a whole, but of individual points on it. It 
is a simple matter, however, to extend the idea somewhat 
and say that if a curve is continuous at every point of the segment 
lying between the two abscissa x’ and x", it is continuous between 
these limits. Similarly, the function f(«) represented by it 1s 
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continuous in the interval x’x’’. Thus the curve of Fig. 1 is 
continuous between 0 and x; and between x1 and x2. But it is 
not continuous between 0 and x, for it is discontinuous at the 
point x; which lies in this interval. 


§ 4. Differentiability 


In his study of calculus the student has been concerned 
largely with the formal processes by means of which functions 
are differentiated, and has generally proceeded upon the 
assumption that a derivative exists and may be found by proper 
manipulation. The assumption that a derivative exists, how- 
ever, is not always justified, as may be shown by citing an 
example in which there is none. 


oat 
The function y = x sin — is represented by the curve of 
x 


Fig. 2. Its value at x = 0 is somewhat uncertain, but may be 
arbitrarily defined to be zero, 
which makes the function con- 
tinuous. To find the derivative 
at this point, x must be caused 
to take an increment Ax, and 
the increment Ay which the 
function takes on in conse- 
quence must be noted. These 
values,.as shown in the figure, 
locate a point 4. As Ax becomes 
smaller and smaller 4 moves in- 
ward toward the origin, follow- 
ing the course of the curve. By 
definition the desired derivative 


is the limit of ay as Ax is 
NX 


Fre. 2. made to approach o. But = 
x 


is the slope of the line O4, which oscillates back and forth 
between the lines OT, and OT2 as Ax decreases. No matter 
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how small Ax becomes this oscillation continues; for no 
matter how small the distance to the origin may be there are 
points included in it at which the curve is tangent to OT, 
and others at which it is tangent to OT2. Therefore the slope 
of O4 passes from -+ 1 to — 1 and back again (these are the 
slopes of OT; and O72), repeating the process time after time 
and never approaching any limit at all. Hence there is no 


See A : 
limit to = as Ax approaches o: that is, no value can be found 
x 


for ae at the origin. 

dx 

If an attempt is made to find the derivative at any other 
point of the curve, the secant line ultimately stops oscillating 
as Ax decreases and in the end approaches as a limit the tangent 
line to the curve. Hence the function has a derivative for 
every value of x except x = 0; but at this latter value there 
is no derivative. 

It is therefore evident that there are functions which are 
incapable of differentiation. In $11 it will be found that 
because of this certain problems in differential equations 
cannot be solved. 


§ 5. Envelopes 


Consider an equation of the form f(x, y, ¢) = 0, in which ¢ 
is a constant the value of which can be assigned at pleasure. 
For each value of this constant the function defines a curve. 
The equation therefore represents a family of curves. 

There are certain properties of this family of curves which 
may be stated at once. For example, the number of curves 
passing through any point (x1, y1) is equal to the number of 
values of c which satisfy the equation f(*, yi,c) = 0. If this 
equation is of the mth degree in c it will have m roots. For 
simplicity, we shall call these “the c’s belonging to (m1, y1).” 
To each of these c’s corresponds a curve passing through the 
point (1, y1). 

It will generally be true that all these roots of the equation 
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are distinct. If so the » curves are all different members of 
the family. In exceptional cases, however, the equation may 
have equal roots, and then the same curve must be counted 
twice. Naturally, these exceptional cases are due to some- 
thing unusual about the family of curves. Our purpose in the 
present section is to study these exceptional cases, some of 
which are of importance in the study of differential equations. 
Before we can proceed, however, we must have some method 
of sorting out the particular points at which equal ¢c’s occur. 

To derive such a method, we shall suppose that any pair 
of values (xi, y1) are chosen, without any reference to whether 
they give equal ¢’s or not. 
We can then plot the func- 
tion f(x, y1, ¢-) as a func- 
tion of c, obtaining in this 
fashion some such curve 
as that shown in Fig. 3. 

Wherever this curve 
crosses the axis the rela- 
tion f(x1, ¥1, ¢) = O is satis- 
fied: that is, the curve 
of Fig. 3 crosses the axis 
at just those ¢’s which 
belong to (x1, 91). These ¢’s are all distinct unless, as at 
the point @ of Fig. 3, the curve happens to be sagen? to the 
axis; then multiple roots appear. But if the curve is tangent 
to the axis it is true, not only that 


¥ 


I 


Flmy Viy ¢) Oy 


but also that 


Te 
5c/ a Jue) = 0 


as well. 

By eliminating ¢ from these two equations we may get a 
relation between x; and y: which must be satisfied wherever 
equal ¢’s appear. Let us call it F(x, 1) = 0. Then we can 
say at once that equal ¢’s cannot occur at the point (x1, y:) 
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unless it lies upon the curve F(x, y) = 0, the equation of which 
is found by eliminating ¢ between the equation f(x, y, c) = 0 
which defines our family of curves, and the equation 


) ; 
ale y,¢) =O which results when f = 0 is differentiated 


with respect to c. 
For example, consider the family of curves defined by 


ae ec) ae. (14) 


As this is of the third degree in c, there are in general three 
different curves of the family passing through any point 
(x1, 71). To locate the exceptional points at which equal 
c’s occur, we differentiate (14) with respect to c, getting 


es said meee Cd git) ia Wey (15) 
From this it is found that 
ON is toes 4 no (16) 


and by combining this with (14) the new equation 
Rx +c) — +08 =0 
4 


is obtained. The solutions of this arec = — x andc = % — x; 
and when substituted in (15) they give ! 


ytw=o 
and 

yt =r, 
respectively.” 


It follows, then, that equal c’s can only be found upon the 
pair of lines which these equations define. 


1 Tf the values of c had been substituted in (14) an additional equation y + « = $7 
would have been obtained. Though this is a part of the solution of (14) and (16), 
it is not a solution of (14) and (15) and therefore is of no consequence in our problem. 
It was brought into the result when (15) was squared to give (16). 


2 These two equations can be combined into one, which is then strictly analogous 
to the F(x, y) = 0 used above. For whenever either y + or y + * — 7 is zero, 
their product is also; and conversely. Hence we can write the two together in the 
form 


Flxy) = (y + x)(y +4 — oy) = 0. 
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Having now found a method of isolating the points to 
which equal c’s belong, we are prepared to return to our 
original question of determining what peculiarities of our 
family of curves may give rise to this unusual situation. 

One is fairly obvious. If a curve crosses itself, as do those 
in the upper part of Fig. 4, it must be regarded as passing 
twice through the point of intersection. Equal c’s must 
therefore occur at all such double-points.!. Obviously, the 
truth of this statement is not affected by the size of the loops. 


Fic. 4.—ILLustratinc THE Nopat anp Cuspipat Loci. 


If, then, we allow them to shrink to nothing, thus producing 
the cusps shown in the lower part of the figure, we shall be led 
to expect equal c’s at all such cusps. 

These conclusions are immediately obvious. There is a 
third situation giving rise to equal c’s, however, which is not so 
obvious, and as it is by far the most important from the 
standpoint of differential equations, we shall have to consider 
it in some detail. This situation arises when the curves of the 
family are so situated, as is the case with the family 
a, d,c,b,+ ++, of Fig. 5, thatt is possible to draw in a curve 
A at every point of which one of the family is tangent. Such 
a curve ts called an “envelope” of the family. 


*A point at which a curve crosses itself is called a double-point or node. 
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For simplicity, we shall suppose the family to be defined 
by an equation /(x, y, c) = 0 of the second degree in ¢, so that 
there are only two curves through each point. We shall also 
center our attention upon a particular curve a, and shall note 
the point @ at which it is tangent to the envelope 4. Then 
let a set of points 8, y, 6, - - - , be chosen on a, each nearer 
to a than the preceding one. To each of these points, as to 
all other points of the plane, correspond two values of c: these 
determine the two curves which pass through the point. 


Fic. 5.—I.iustraTiInc THE ENvELopE. 


Whatever point is selected, one of these curves is obviously 
a itself. The other curves are different for different points. 
By drawing them in, a set of curves 4, ¢,d,- - - , is built up, 
each of which passes through one of the points 8, 7, 6, 

It is obvious that each of these curves is a nearer neighbor 
of a than the preceding one, and the ¢ corresponding to it is 
likewise more nearly equal to the c of the curve a. In fact, by 
moving the point of intersection near enough to a, the neighbor- 
ing curve can be brought as close as desired to a. In the 
limit, therefore, as the point of intersection becomes coincident 
with a, the curve selected by this process becomes identical 
with a: the two curves through a are therefore the same, and 
the two values of c are equal. Hence, to every point of the 
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envelope 4 correspond two equal values of c, which belong 
to that curve which is tangent to 4 at that point. 

In résumé, therefore, it may be said that f(x, y,¢) = 0 
represents a family of curves, one for each value of c; and 
that upon eliminating c between this equation and the equation 


of 


epeiieuke obtain the locus of all points to which belong equal 
C 


values of c. This locus may include three types of curves: 


1. Curves passing through all the double-points of the set 
J (*,y,¢) = 03 these are called nodal loct ; 


2. Curves passing through all the cusps of the set f(x, y, ¢) =0; 
these are called cuspidal loci ; 


3. Curves tangent at every point to some member of the 
set f(x, y,c) = 0; these are called envelopes. 


One further point should be made: as these curves are 
loci of equal ¢’s, they can only occur when at least two curves 
of the set pass through each point; and as the number of 
curves through a point is equal to the degree in c of the equation 
which defines the family of curves, it follows that a family 
cannot have an envelope unless its equation is of at least the 
second degree in c. 

As a first example, consider the family of curves represented 
by the equation (14). They are obviously semi-cubical parabo- 
las with their cusps located at (— c,+c). As these points 
all lie on the line x + y = 0, this line is a cuspidal locus and 
should be obtainable by the processes just explained. We 
have already seen, however, that x + y = 0 is indeed one of 
the lines along which equal c’s are to be expected. The other 
line of equal c’s, x + y = 34, is the envelope of the lower 
branches of the curves, as is obvious from Fig. 6. 

As a second example, consider the equation 


y? = (x _ c) (x = 2c)”. (17) 
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Differentiating with respect to ¢ and solving the resulting 


. Dyan I 
equation it is found that c must be —x or a 
2 


The results of substituting these values in equation (17) 
are y? = o and 27y? — 2x3 = o, 

The locus of the first of these equations is the x-axis, which 
is a nodal locus. The other equation defines a semi-cubical 
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parabola which is the envelope of the family of curves. The 
family is shown ! in Fig. 7. 
Finally, consider the family of circles 


ne Cs ye te =) 0, (18) 


all of which have the same radius 7, but which have their centers 
distributed along the x-axis as shown in Fig. 8. It is obvious 
that the lines y = r and y =— r constitute the envelope and 


1There is also another curve 16 y? — x? = 0, to which reference will be made 
later on. 
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that there are no cusps or double-points. Hence the solution 
of the equation (18) together with its c-derivative, should give 
us these two lines and nothing else. Differentiation with 
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ENVELOPE. 


respect to c yields x — c = 0, and substitution of this value 
in (18) gives y2 —7? =o. This is in fact the anticipated 
relation. 


Fic. 8.—A Famity or Curves Havine a Tac Locus AnD AN ENVELOPE. 


One final remark is necessary. We have spoken so far 
only of cases in which the number of distinct c’s was finite. 
The main results of the argument, however, are equally valid 


Beis. PROBLEMS i 


when the number of c’s is infinite. Consider, for example, 
the family of sine curves 


y — sin cx = 0; 


Through any point (x, y) there pass infinitely many of these 
curves. Yet the process of differentiating with respect to c 
and then eliminating c leads to the true envelope y = +1. 


PROBLEMS 


1. Replace y in the expression 


by w = xy. 


2. Replace y in the equation 


a? x2 [d d 
fy oie = (2) Smet a +ay=o 


by w= Vy. Can you obtain the solution of this equation by com- 
paring it with the first example in the text? 


3. Replace y in the equation 
2 +cy=a 
by w = ey. What is the solution of this equation? 
4. Replace r in the equation 


ei Le p29 = 0 [Bessel’s Equation] 


5. Replace @ in the equation 
a (sin 6 a) + mP sin@ =0 [Legendre’s Equation] 


by x = cos 6. 
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6. Replace y in the equation 


Divi — y? sin y 
by w = sin! y. 

4. Differentiate (3) and solve for 2 . Show by substituting this 
value in (1) that (3) is really a solution of ie 


d™y 


8. If x = e” and z= e ae 


re — in terms of w and y. 
45 


g. Prove by mathematical induction that if x = e” the quantity 
at y 


oe Fn may be reduced to the form 
is ca d 
Neer a hae + a1 52 + aoy, 


where the a’s are constant. 

(A proof by mathematical induction consists of two steps: (1) the proof 
that the statement is true for one value of 7; (2) the proof that if it is true 
for any value of n, it is true for the next higher value. It then follows that 
the statement is true for any value of 7 which can be reached by counting 
from the one for which it was specifically proved.) 


to. An expression of the form 


wow. pie wey dy 
(pees dx™ + Bes 1% dx} + + bix ae + boy 


is called a homogeneous linear differential expression. Show that 
the substitution x = e” reduces it to the form 


d”y aly d 
(na. ben ee aa a + Coy. 


11. Write the equation of a family of circles all of the same radius 
r, the centers of which are distributed on a circle of unit radius about 
the origin. 

12. Find the envelope of the family of curves in Problem 11. 


13. Find the envelope of the family of lines 


= px + 2p. nat eee 
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14. One point of a line slides along the hyperbola xy = 1. Another 


point slides along the x-axis. What is the envelope of the lines, 
if the points are separated by unit distance? 


15. The ends of a wire of unit length slide along two rods which 
are perpendicular to one another. How large an area does the wire 


sweep over? 


16. Classify the following differential equations: 


d?v 3/1 dv\4 
(2) de Ee 


(d) 2 + uo = sin 4. 
070 , 00 _ 00 


Oat a8 P 


17. Classify the following differential equations : 
dy ni _ 4|d?y 
(a) Tee aas en 


dy (ie ae 
(2) Bet 2 aa 10s? 


18. Change the dependent variable in the equation 


to w = ve, 


CHAPTER II 


Tue SIGNIFICANCE OF DIFFERENTIAL EQUATIONS AND THEIR 
SoLUTIONS 


$6. Geometrical Interpretation of a First Order Differential 
Equation 


Any algebraic! equation of the form 
y = f(x) 


may be graphically represented by a curve. Since a solution 
of a differential equation is, by definition, a functional relation 
between x and y, it may also be represented by acurve. Thus, 
in a sense, either an algebraic equation or a differential equation 
defines a curve. They do not, however, use the same means 
to accomplish this end, and a study of their differences in this 
respect gives a valuable picture of the real significance of a 
differential equation. 

In the case of an algebraic equation, when a value is chosen 
for x the equation defines one or more values of y which may 
be associated with that x. These fix one or more points on 
the curve. By assigning other values, other points are 
obtained. That is, an algebraic equation defines a curve 
by relating to one another the coordinates of each point on it. 

A differential equation, on the other hand, does not relate 
y’s to x’s directly : it makes use of a totally different’ process. 
Consider, for the time being, an equation of the first order 
containing only the two variables x and y. Any such equation 
may be written in the form 


3% 
5, =f 9)- ee 


« 


‘Throughout this chapter the term “algebraic” is used to denote any equation 


which does not contain derivatives. 
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The substitution of a special value for x in this equation does 
not lead to a value for y ; instead, when x and y are both specified 


dy . : Lat ) ; 
a value of oe is determined. That is, if any point (x, y) is 


chosen, (19) determines the direction in which the curve must 
proceed if it passes through that point. Of course there may be 
no reason to think that the desired curve actually passes 
through this point. For the moment, however, we shall over- 
look this fact, and shall imagine that we have determined the 
directions corresponding to 
a very large number of 
points and denoted them by 
arrows, as in Fig. 9. As 
we look at this figure each 
arrow tends to carry the 
eye to the arrow next 
ahead of it, in such a way 
as to associate the arrows 
into groups. By beginning 
at any point 4 and con- 
necting the arrows of such 
a group together, a curve 
is produced which has, at Fic. 9. 

each of the points to which 

arrows are affixed, the slope required by (19). 

If the number of arrows is greatly increased the number 
of points at which the curve satisfies (19) 1s also greatly 
increased. In fact, by making the arrows more and more 
numerous it would be possible, in theory at least, to approach 
a limiting curve, the coordinates and slope of which would 
satisfy the differential equation at every point. This limiting 
curve — or rather the relation between y and x of which it is. 
the graphical representation — is a solution of (19). 

A differential equation therefore defines a curve by telling 
the direction in which it passes through each of its points. 

This geometrical picture affords a graphical method of 
solving the differential equation. In practice it is found not: 


f 
Z 
ie 


PRE 


* 
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to be very accurate, but nevertheless it is occasionally used 
when more exact methods are too laborious. There is one 
obvious uncertainty about it, however, and that is the choice 
of the point 4 at which the process begins. If a different 
point B were chosen, a different curve would be obtained. 
Obviously the coordinates and slope of this new curve, like 
those of the old one, satisfy (19); both are therefore “solu- 
tions.” Hence, there is more than one solution of (79). 


$7. The Number of Distinct Solutions of a First Order 
Differential Equation 


We can also obtain from this geometrical construction a 
valuable picture of the significance of the theorem that there 
are just as many solutions of the differential equation (19) as 
there are points on a straight line. 

We have already noticed that one solution of (19) was 
obtained by starting from 4 and another by starting from B. 
Obviously we could build up other solutions by starting from 
other points of the line 4B, and we would judge from the 
appearance of Fig. g that all these solutions would be different. 

We could also build up solutions by starting from points 
which were zot on the line 4B, but we can readily see from the 
appearance of the figure that the curves thus obtained would 
cross 4B. 

In the case of Fig. 9, therefore, the theorem appears to be 
true; for to every point of 4B there appears to correspond a 
curve, and there appear to be no other possibilities. We 
must be on our guard, however, not to be led astray by the 
simplicity of our diagram; and indeed we can readily find 
equations which lead to pictures radically different from 
Fig. 9, and which appear upon first thought to invalidate our 
theorem. 

For instance, if our differential equation were 


ose mer 
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our arrows would all be vertical. Hence, upon starting from 
A the line 4B would itself be obtained as a solution. The 
same solution — not a different one — would be obtained by 
starting from any other point of 4B. But in this case every 
solution is a vertical straight line, and therefore all of them 
would be obtained by starting from the points of any horizontal 
line. Their number is therefore again the same as the number 
of points on a line. 
Again the equation 


Zt ino 


has for its solutions the circles shown in Fig. 10. It is obvious 
that identical solutions are obtained by starting from corre- 
sponding points on the upper 
and lower halves of the axis: 
there are therefore as many 
distinct solutions as there are 
points on part (not all) of the line. 
But a fundamental theorem in the 
Theory of Point-Sets states that 
these can be made to correspond 
uniquely with a// the points on 
some other line, so that there 
are still just as many distinct 
solutions as there are points on 
this auxiliary line! Hence the theorem is still valid. 


Fic. 10. 


1This statement may appear utterly absurd. It seems dangerously near saying 
that half a number equals the number; and of course this latter statement is not 
true of numbers other than zero. The difficulty lies in the peculiar properties of 
the concept of infinity. Of course, no one objects to the statement that “half of 
infinity is still infinite.” 

We might, perhaps, let the matter rest there, so far as showing that the statement 
is not altogether absurd. Actually, however, it has a deeper meaning, which we 
can at least vaguely indicate by a simple example. 

Every positive number has a logarithm, and conversely, to every logarithm there 
corresponds a positive number. There are, then, just as many positive numbers 
as there are logarithms. But since the logarithms of numbers less than unity are 
negative, we would require an entire line upon which to plot them, though their anti- 
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Finally, the equation 


dyed. 
Pais hipwst 


is satisfied by the hyperbolas shown in Fig. 11. By using 
points on the dotted line 4B, only those curves which lie in 
the first and third quadrants would be obtained ; those in the 
second and fourth would be missed. But by using the dotted 


Fie. 11. 


line 4’B’ also, the latter group would be included. This 
would seem to require the points of fwo lines; but the same 
general theorem of point sets referred to above makes it pos- 
sible to refer all these to the points of an auxiliary line, and 
the theorem remains valid. 

Tn fact, the proof of the theorem can be made to apply as 
long as it is possible to divide the entire xy-plane into a count- 
able number of regions (four in Fig. 11) in the interior of each 


logarithms could be plotted on only half a line. Thus we have paired up the points 
of half a line with the points of a whole line, which is exactly the thing needed in 
the case of Fig. ro. 
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of which either the f(x, y) of equation (19) or its reciprocal 
is finite and continuous. 

Finally, we have tacitly assumed that the function f(x, y) 
in (19) was single-valued. This would appear to rule out a 
large number of equations — for example, any which con- 
tained square roots. But if there were ‘wo values of f at 
every point, two arrows could be drawn through it, and there- 
fore two curves could be obtained by starting in these two 
directions. It is easy to see, however, that these two sets 
of curves could be associated with the points of two auxiliary 
lines. But again the same point-set theorem which has 
already been several times used, makes it possible to say that 
these can be referred in turn to the two halves of a single line, 
and so even the restriction that f must be single-valued may be 
removed. 

By carrying the reasoning one step further our theorem 
may be phrased in a more convenient form. The “solution” 
of (19) was made precise only by stating at what point the 
curve crossed the line 7B. As this point is defined by its 
distance 7 above the x-axis, it follows that the exact form of 
solution must depend upon the value of this constant 7. It 
must therefore be written in the form 


o(x, y» n) =O, 
for this notation means nothing more nor less than that the exact 
relationship between x and y is known when and only when 
the value of 7 is given. As there is a value of for every point 
on AB, and conversely, this relation includes every possible 
solution 1 of the differential equation. It is called the general 
solution or primitive, each of the relations which may be 
obtained from it by assigning a special value to 7 being desig- 
nated a particular solution.2 Hence the following theorem, 


1In Chapter V we shall find that there are sometimes exceptions to this statement. 
That is, there are certain solutions, called “singular solutions,” which do not belong 
to the same family as the rest. They need not concern us here, however. 


2Note that the “general solution” corresponds to the entire family of curves 
which the equation defines, while the term “particular solution” refers to only one 
of them. 
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which represents the ultimate result of our present discussion, 
is derived : 

The general solution of equation (79) is a relation between 
x and y containing one and only one arbitrary constant. 


§ 8. Geometrical Interpretation of a Second Order Differential 
Equation 


Equation (19) contains no derivatives higher than the first. 
Hence the geometrical construction of § 7 applies to first order 
equations only, and the theorem discussed in §7 cannot be 
said to be true for equations of higher order. It is the purpose 
of the next few sections to extend the reasoning to include 
second order equations, from which the result for higher orders 
may be inferred. 

Consider an equation which contains, in addition to 
x, y and y’, the second derivative y’. Suppose as before that 
the highest derivative is isolated, so that the equation takes 
the form 


She =f%5I59)s (20) 


/ being a single-valued function. The situation is now slightly 
more complicated than before; but a geometrical interpreta- 
tion can still be obtained, based upon the conception of the 
“radius of curvature” of a curve — that is, the radius of the 
circle which most accurately fits it. This radius of curvature 
p is known to be given by the expression 


12) 38% 
eta oe 
by ° 


Hence, for any curve which is a solution of (20), the radius 
of curvature must be 


as (i + y/2)% 
ice eee co 


Let us now choose a point 4 and a direction AT, Fig. 12, 
and require that the solution of (20) pass through 4 in the 
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direction 4T. The radius of curvature p which the curve 
must have at this point is obtained at once from (21) by 
using for x and y the coordinates of 4, and for y’ the slope 
of the line AT. If we lay off this distance p on a line through 
A perpendicular to AT, thus locating a point C, and about 
this point as a center draw a short circular arc 44, we shall 
evidently produce an arc which not only passes through / 


Fic. 12. 


in the desired direction, but which has the curvature required 
by the differential equation as well. 

To the end-point 4 of this arc corresponds a new set of 
coordinates (x1, yi) and a new slope yi’, the latter being the 
slope of the circular arc at this point. When these new values 
are substituted in (21) a new radius of curvature p, is obtained. 
This is laid off on the line 4,C, giving the new center C; about 
which the next short arc 4,42 is to be described. By con- 
tinuing this process, a curve 44,42 - - - may be obtained 
which possesses the property that it leaves each lettered point 
in such a direction and with such a curvature that the dif- 
ferential equation is satisfied. 
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If all the arcs were made so small that the curvature did 
not change much from one to another, it might be expected 
that the curve thus drawn would differ very little from the 
‘true solution of the differential equation. In fact, from a 
theoretical standpoint, the correct solution could be approached 
as closely as desired by shortening the arcs more and more. 
The construction therefore gives an approximate method of 
solving the equation, though it is of no great use in practice 
since errors of draftsmanship seriously limit.its accuracy. 


§ 9. The Number of Solutions Possessed by Equations of Order 
Higher than the First 


The importance of this geometrical interpretation of (20) 
lies not so much in its usefulness as a method of solution as 
in the information it gives regarding the family of curves 
defined by (20). 

To start the construction of the curve 44,42 - - - , both 
the point 4 and the direction 4T had to be chosen. If a 
different point B had been selected a different solution would 
have been obtained even though the same direction had been 
kept; and if a different direction 47, had been chosen still 
another solution would have been obtained, even though the 
same point 4 were used. In fact, through 4 pass a pencil of 
curves, one of which leaves it in every possible direction, and 
all of which are solutions of (20). The separate curves of this 
pencil may be distinguished by their slopes at 4. Hence, if 
the symbol 7’ is used to define this slope, the entire pencil 
may be represented by a relationship between « and y which 
depends upon the arbitrary constant 7’. 

This pencil does not, however, contain all the solutions of 
(20). Instead, there is a similar pencil for every point on the 
vertical line through 4. Hence the relationship between x 
and y which includes every possible solution — that is, the 
general solution of the differential equation — must depend 


on the ordinate 7 as well as the slope 7’. This leads to the 
theorem : 
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The general solution of a differential equation of the second 
order is a functional relationship 


o(x, y, 0, 0’) = 0, 


containing two and only two arbitrary constants n and 1’. 


As was the case with the discussion of an equation of the 
first order, many refinements are necessary if this argument 
is to be made rigorous. But as we seek less for a rigorous 
proof than for a clear picture of what our theorem means, the 
argument is good enough. 

For the general case of an equation of the mth order a 
similar theorem may be built up. No attempt need be made 
to derive it, however, as it is fairly evident by analogy that 
it must take the form: 


The general solution of a differential equation of the nth 
order is a functional relation of the form 


(n—-1) 
(x5 ¥5 05 05 ere tal ny ) = 0, 


in which the constants n,7',° ++,” ” are arbitrary. 


§ 10. Boundary Conditions 


To solve a differential equation, from the classroom stand- 
point, means to obtain its general solution. From this point 
of view no problem has been completely solved until a result 
has been derived in which the number of arbitrary constants 
equals the order of the equation. 

From a practical standpoint the situation is somewhat dif- 
ferent. When a differential equation arises in connection with 
a scientific investigation it is usually a particular solution — 
not the general one — which is desired; for the scientific 
investigation itself usually makes it obvious that the desired 
solution, in addition to satisfying the equation itself, must 
satisfy certain extraneous conditions peculiar to the investiga- 
tion in hand. These are known as “boundary conditions” or 
“boundary values.” 
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As an example, consider the motion of a simple pendulum, 
Fig. 13, held at an angle 0, and then released. It is known that 
2 . 
oF of a pendulum is proportional to 
its angular displacement! 6, and that they have opposite 
signs. Expressed as an equation, these 
facts give 


the angular acceleration 


a?0 
de me p’6, (22) 


where 7 is a positive constant. 

By a method which will be explained 
later in the text, the general solution of 
this equation is known to be 
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6 = acos pt+ Bsin pt, (23) 


a and B being the two arbitrary constants. Owing to the 
presence of these arbitrary constants the motion defined by 
(23) is quite indefinite. This may be seen by attempting to 
find out through how great an angle the pendulum swings. It 
is easy to throw (23) into the form 


6 = Vo2 + B sin (pt + ©), 


where 


a 
tan e = —;5 
6 


and in this form it is evident that the largest value ever attained 
by @ is Vo? + 6?. But since a and 8 are arbitrary, this 
maximum value may be anything at all. 

On the other hand, there is nothing indefinite about the 
physical motion of the pendulum. It is a matter of common 
experience that if it is held quietly at the angle © and then 
released, its future history is completely determined. It fol- 
lows, of course, that some one set of values of a and B must 


This is true to a high degree of approximation where @ is small, provided there 
are no dissipative forces, such as the friction of bearings or the resistance of the air. 
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give the proper solution, the other sets corresponding to the 
possible histories of the pendulum if released in other ways. 
Hence, from the practical standpoint, the problem can only 
be said to be completely solved when the appropriate a and B 
have been found. 

In the case at hand this is easy enough. If the instant when 
the pendulum is released is called ¢ = 0, it is known: first, 
that at that time @ was equal to 9, and second, that the velocity 


6 ; : 
Gy Was zero. Expressed in the form of equations these con- 


ditions are 
6 = 0 when ¢t 


2 
bases when ¢ = o. (24) 


I 
ne) : 


But from (23) 


6="a). when 77="0, 


2 
a = pB when ¢ (25) 
Comparing (24) and (25) it is obvious that we must make 
a= @OandB=o0. Hence the desired solution is 


I 
O 


6 = Ocos pt. 


If 6 and ¢ are plotted as ordinate and abscissa respectively 
in a Cartesian graph, these boundary conditions (24) tell 
where and in what direction the curve crosses the vertical axis. 
It is interesting to note that this is exactly the information 
which had to be assumed in building up the geometrical 
picture of §9. There are other types of conditions which 
might be used, however, and which would serve the purpose 
equally well. For instance, with the pendulum already swing- 
ing, its position might be noted at two instants a second apart. 
If these were called ¢ = 0 and ¢ = 1, and if the corresponding 
positions were 6 = 0 and 6 = 4, (23) would give immediately 


Oo = a, 


0, = acosp + Bsin p. 


34 ELEMENTARY DIFFERENTIAL EQUATIONS 


The constants a and 6 would then be 
RE . 
B = 6, csc p — O cot p; 
and the desired solution 
6 = 0 cos pt + (61 csc p — 4 cot p) sin pF. 
This may be reduced to the somewhat simpler form 


ia 69 sin p(1 — 4) + 4; sin pt 
z sin p ; 

Graphically, this set of boundary conditions fixes, not a 
point and the direction in which the curve passes through that 
point, but two points on the curve instead, leaving the direc- 
tions to take care of themselves. Many other types of bound- 
ary conditions might work equally well; for example, the 
angular velocities of the pendulum as observed at two different 
instants, but not the positions; or the position at one instant 
and the velocity at another, and so on. Formulated as equa- 
tions these would be 


a0 
at = Gg at= Sy = 75) 
As (26) 
eas FyO° aon sae 
and 
6 = 6 at — toy 
ae 2 
a = 6’) at t a hh, ( 7) 


respectively. Graphically, the first would give the slope of the 
curve where it intersected each of two vertical lines, without 
specifying the ordinates of the points of intersection, while the 
second would give one point through which it passed and its 
slope where it crossed some other ordinate. 
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It will be noted that in this example the process of solution 
has consisted of two parts: first, the determination of the 
general solution; then the choice of the constants in such a 
‘way as to satisfy the boundary conditions. This is usually, 
though not quite always, the route by which a boundary value 
problem is solved. It has already been said that, from the 
classroom standpoint the equation is said to be solved as soon 
as the first of these steps has been taken, and it might seem 
at first sight that this attitude ignored a very important phase 
of the subject. But it must be noted that, once the general 
solution has been obtained, the determination of the arbitrary 
constants requires only the solution of a set of equations, none 
of which contains derivatives. Logically, therefore, that part 
of the problem belongs to another branch of mathematics — the 
Theory of Equations — and not to the study of Differential 
Equations. The classroom attitude is therefore not entirely 
without justification. 


§ 11. The Existence Proof 


In § 10 boundary conditions were stated in several forms, 
and in each case a solution of (22) was found which satisfied 
these conditions. It is not unnatural! to ask whether a solution 
can always be found, no matter in what form the boundary 
values are given. That this question must be answered in 
the negative can be shown by presenting a case which has no 
solution. 

Suppose it is desired to find a solution of (22) satisfying the 
conditions : 

6 = 0 when ¢=0, 


(28) 


6 = 260 when ¢ =~. 
P 


When these conditions are substituted in (23) they give 
4 — Os 


2090 =— a. 
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Obviously a cannot satisfy both of these equations; therefore 
no such solution exists. The problem set is an impossible one, 
and any attempt to solve it is bound to fail. 

There is a physical explanation of why this set of conditions’ 
cannot be satisfied. The swing of the pendulum in one direc- 
tion is a perfect copy of its swing in the other, except that at 
corresponding moments it is on opposite sides of the vertical, 
and is traveling in opposite directions. Therefore, if 0 is 4 at 
a certain instant, it must be — 4 after the lapse of a time 
equal to that required for a complete swing. To require 
it to be somewhere else, as is done by (28), is physically 
absurd. 

This answers negatively the question as to whether all 
boundary conditions can be met, but it gives no way of telling 
in advance whether a particular set of conditions is possible 
or impossible. Usually, when the differential equation arises 
in connection with some scientific problem, the problem in 
question is known to have an answer, and therefore it is a mere 
matter of common sense that its mathematical formulation 
must also have an answer. But such an argument is indirect 
at best, and does not give criteria that have general usefulness. 
Sometimes, however, scientific problems deal directly with the 
question of whether a given state is possible or not, and then 
this common-sense argument is of no use at all. Even at its 
best it is indirect, and is always unsatisfactory when dealing 
with purely mathematical questions. Hence mathematicians 
have given a considerable amount of attention to “existence 
proofs”: that is, to the determination of those boundary con- 
ditions for which it can be affirmed that a solution exists. It 
is quite beyond the scope of this text to present the methods 
by means of which such studies are made, or even to give any 
considerable part of their results. One particular result, 
however, bears such a close analogy to the geometrical picture 
which we have just presented that it is worth brief con- 
sideration. 

This result deals with the case in which the boundary con- 
ditions are given by stating values of y and its derivatives at 


§ 11. PROBLEMS a7 


one and the same value of x: that is, the boundary values are 


5 tae! ES 
eal all for * = &. (29) 
yu pas Hoo 


It was exactly this type of boundary values which was used in 
§§ 6 to 9. If, as in those sections, the differential equation is 
assumed to have been solved for its highest derivative, so that 
it appears in the form 


a = fw y, yy ef Ae eye ay) s 


it is found always to have a solution satisfying the boundary 
conditions (29), provided the function / satisfies two condi- 


Mone) (1) It is continuous atv = §, y = 7,2 --,y° >? = 
n”-”; (2) It can be differentiated with respect to 
y,y’,> + +,y"". The meaning of these conditions has been 


explained in §§ 3 and 4. 


PROBLEMS 


1. Determine the arbitrary constants in (23) so as to satisfy the 
conditions (26). . 


2. Determine the arbitrary constants in (23) so as to satisfy (27). 


1Tt is also implied that the function f is single-valued. If f is multiple-valued 
there will be as many solutions satisfying the conditions (29) as there are distinct 
values of /f. 


CHAPTER III 
THE ORIGIN or DiIFrFERENTIAL EQUATIONS 


§ 12. Origin of Differential Equations 


Before beginning to explain how differential equations are 
solved, a few words may be appropriate as to how they origi- 
nate. In the present chapter we shall discuss two different 
ways. The discussion of the first of these is really the converse 
of the argument presented in Chapter II, and like that argu- 
ment leads to the rule that the number of arbitrary constants 
in the solution of a differential equation is equal to the order 
of the equation. It is important from a theoretical, rather 
than a practical, standpoint; for the differential equations 
with which a student is actually confronted in practice seldom 
originate in this first fashion. Instead they generally present 
themselves immediately as a formulation of physical laws in 
terms of differential symbols. The second portion of the 
chapter is devoted to a few illustrations of this latter sort. 


§ 13. Development of a Differential Equation from Its Primitive 


We have seen that the general solution of a differential 
equation is representable as a family of curves. Therefore it 
is proper to call the equation the differential equation of the 
family. It is the purpose of the present section to explain how, 
when a family of curves is given, its differential equation may 
be obtained. 

As we know, a family of curves is defined by an equation 


I(x, 95 c)= Oy (30) 


which contains, besides the variables « and y, an arbitrary 
constant c. The different curves of the family correspond to 
38 
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different values of c. By actual differentiation a new equation 


ee D 
Tey mas (31) 


may be obtained. If this equation does not involve c, it is the 
differential equation desired. If c¢ does appear in it, as is 
usually the case, the pair of equations (30) and (31) may be 
_used to eliminate c, thus giving rise to a new equation involving 


d. sera ; 
only x, y and a . This will then be the differential equation 


of the family of curves (30). 
For instance, suppose the family is 


y = sin cx. (32) 
Differentiation gives 


ViaE= OrCOS OX; (23) 


Both of these equations involve c and hence neither is the 
desired equation. But from (32) we find that 


COscx = "V T-— 975 
Sy ae 
c= 7 sin” y5 


| and when these values are substituted in (33) they give 
| Te 


cae Vi — y? sin- y. (34) 


| As this is entirely independent of c it is the differential equation 
| of the family (32). 

| This process of eliminating arbitrary constants can be car- 
| ried out even when the number of independent constants 1s 
| greater than 1. To show this, let 


FR%sMs 1) 0257 + 5 ln) = O (35) 


| be an equation connecting x and y and involving the z con- 
| stants ci, ¢2,° °° 4¢n This equation also represents a family 
of curves, and ie problem before us is that of deriving a dif- 
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ferential equation which will define the set without the use of 
arbitrary constants. If (35) is differentiated times in suc- 
cession with respect to x a set of 2 other equations is obtained. 
These equations, together with (35) itself, constitute the set of 
n + 1 equations necessary to eliminate the z c’s. The result 
of this elimination is the desired differential equation. As none 
of the equations involves derivatives of higher order than the 
nth, the resulting differential equation cannot be of order 
higher than 7. Conversely, the order of the equation cannot 
be less than 7, unless the th derivative of (35) was not required 
in the solution, in which case the constants were not all inde- 
pendent. Hence: the order of the highest derivative in the dif- 
ferential equation is the same as the number of independent 
constants in the primitive. This is the rule already obtained in 
Chapter II for the number of constants in the solution of a 
differential equation. 
As an example, consider the equation 


0 = asin pt + B cos pt (33) 


containing the variables @ and ¢ and the arbitrary constants 
a and 8. By differentiating twice we get 


6’ = ap cos pt — Bp sin pt, 
6’’ = — ap* sin pt — Bp? cos pt. 


In this case elimination is very simple since inspection gives 
immediately 


a6 
72 + p70 = 0. | (22) 


This is the desired differential equation. It has already been 
met in § 10, where (23) was arbitrarily stated to be its solution. 


§ 14. Development of Differential Equations from Physical Laws 


In the application of mathematics to engineering and 
physical sciences differential equations occur repeatedly, for 
many physical laws can be more simply expressed by means of 
differential symbols than in any other way. An illustration 
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has already appeared in § 10, where the physical laws governing 
the motion of a simple pendulum gave rise at once to a differen- 
tial equation of the second order. In the sections which follow 
several other examples will be given. 

Some of these examples require the use of physical laws 
with which the student may not be familiar. In each case, 
therefore, a brief statement of the scientific facts necessary for 
the understanding of the problem is given. No attempt is 
made to explain how these facts are known to be true — to do 
that would require the teaching of the branches of physics from 
which the illustrations are drawn, which is obviously beyond 
the scope of the book. From our standpoint the laws are 
needed for only one purpose: to show that the differential 
equations follow naturally and directly from them — so 
directly, in fact, that were the student familiar with the sub- 
jects with which they deal he would find little difficulty in 
formulating the same equations for himself. 

This being the purpose of the discussions, the student will 
be wise to be content when he is sure he understands the 
meaning of the scientific statements, and not to speculate too 
much upon how their truth may have been established. In 
other words, he will succeed best if he approaches the prelimin- 
ary statements with a judicious amount of faith, reserving his 
usual healthy skepticism for the mathematical arguments by 
which they are followed. 


§15. Example 1. The Law of Mass Action 


Chemical reactions do not take place instantaneously when 
the reagents! are brought in contact. There is a certain 
amount of compound formed in the first thousandth of a 
second, some more in the second thousandth, and soon. The 
rate of formation of the compound is not constant, however, 
but varies with the amounts of the reagents which are available 
for forming the compound. In many simple transformations 
the speed of reaction obeys a law known as the “law of mass 
action,” which states that the rate at which the simple sub- 


—— ye ———————— 
1The “reagents” are the active chemicals. 
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stances are converted into the compound is proportional to the 
product of the amounts of the substances which are still 
unconverted. 

Suppose that x is the number of compound molecules 
already formed at the time ¢, and that each compound molecule 
contains 2 molecules of one 
kind and m of another. 
Finally, assume that to 
start with there were NV 
molecules of the first kind 
and M of the second. Then 
the number of unconverted 
molecules of each kind is 
N — nx and M — mx, re- 
spectively. The law of 
mass action states that the 
rate at which new mole- 
cules of the compound are 
formed — which is obviously 


Fa ee 


aN aeNOL ALO 


Fie. 14. 


given by - — is proportional to the product of these last two 


quantities. This gives immediately the differential equation 


= RN — nx)(M— mx). (36) 


$16. Example 2. The Curve of Suspension of a Flexible 
Inextensible Cord 


A cord is suspended from two points P; and Pz on the same 
level and at a distance D from one another. It is desired to 
find the shape assumed by this cord under the action of gravity. 

Let the curve of Fig. 14 represent this shape, and consider 
any element of length ds.!_ It is one of the fundamental proposi- 


‘Properly, of course, this element is an “increment in length” and would be 
denoted in the Calculus by As. It is customary in scientific work, however, when 
such an increment is eventually to be made to vanish, to use the differential symbol 
throughout. The practice is seldom confusing, and often serves the useful purpose 
of forecasting what the nature of the argument is to be. 
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tions in mechanics that this element must be in equilibrium 
under the forces acting upon it. These forces are 


(2) Its own weight, which is a force acting vertically down- 
ward ; 


(2) The tension of the rope at the lower end, which acts in 
the direction of the tangent at that point; 


(c) The tension in the rope at the upper end, which acts 
in the direction of the tangent to the curve at that point. 


Call the inclination of the tangents at the two ends 6 and 
6 + dé and the tensions T and T + dT, and denote the linear 


weight ! of the cord by m. ‘Then if the three forces are resolved 
into their X and Y components, they give, respectively, 


AW =O; Yi; =— mds, 
Xo =— T cos 8, Y2 =— Tsin 6, 
X3 = (T+ dT) cos(@+d0), Ys = (T+ dT) sin (6+ dé). 


If the element of the cord is to be in equilibrium under the 
action of these forces it is necessary that both the sum of the X 
components and the sum of the Y components shall be zero. 


That is 


T cos 6 = (1 + dT) cos (6 + dé), os 
T sin @ = (T + dT) sin (0 + d0) — mds. 
Dividing these equations member by member, 
d 
tan 6 = tan (6 + dé) — ideal (38) 


(T + aT) cos (6 + dé)’ 


The first of equations (37) states that the horizontal com- 
ponent of the tension is the same at both ends of the element ds. 
As the element ds is any element whatsoever it follows that this 
component is the same at every point of the curve.’ If it is 


1 That is, the weight per unit length. 


2Tt is actually the /east tension at any point of the curve; that is, the tension at 
the bottom where the vertical component of tension vanishes. 
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called x, (38) becomes 
tan 6 = tan (6 + d@) — me 
If this is written in the form 


tan (0-0) — tan 0 sas 


dé Kk ao 


and ds and dé are allowed to vanish, the left-hand side of the 
equation degenerates into the derivative of tan 0. Hence 


Se ie eae eS 
sec? 0 aaa (39) 


This is the differential equation of the desired curve in what 
mathematicians call its intrinsic form; that is, it expresses the 
length s measured from some arbitrary point in terms of 6, the 
inclination of the tangent. For many purposes, however, the 
intrinsic form is not very serviceable and it is therefore best to 
reduce it to the ordinary Cartesian form. . This requires a 
change of doth of the variables s and 0 to new variables ~ and y 
related to them by the laws 


Be 
ie tan 0, (40) 


as? _ ay 
(<) a t (2 7 


The variable s is eliminated by noting that 


ds 
ds _ ds 
do do" 
dx 
This gives 
d6 mds m ay 
DAR Wenig e IS Td LE! mS 
ade rR ee A) & 
Also by differentiation of (40) it is found that 
dd ay 
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The result of the substitutions is therefore 


ay tp dy\? 
fe ee). Gy) 


This is the differential equation of the curve assumed by the 
cord, expressed in terms of the Cartesian coordinates ~ and y. 


$17. Example 3. The Flow of Current in an Electrical Network 


Five laws governing the flow of electricity in a network 
containing resistances, inductances and capacities are: 


(i) The amount which flows into any junction-point, such 
as 6, Fig. 15, must be equal to the amount which flows out. 


(11) The algebraic sum of all the electromotive forces met in 
passing around a complete loop, such as aéeda or dcfeb, must 
vanish. 


(iii) The electromotive force across an element of resistance 
R is equal to the product of R by the current flowing through it. 


(iv) The electromotive force across an element of inductance 
L is equal to the product of Z by the rate at which the current is 
changing. 

(v) The electromotive force across an element of capacity C 
is equal to the charge on the condenser divided by C. 


In order to formulate these statements in mathematical form, 
let x denote the quantity of electricity which has passed a given 
point since the time ¢ = 0; xo the quantity upon the condenser 
att =o; R,LandC the magnitudes of the resistance, induc- 
tance and capacity, and J the current! flowing. Then J is 
related to x by the equation 


eae or x= [Tat 
0 


and the electromotive forces Er, Ex and Ec across a resistance, 


1“Current” is the rate at which electricity is transported. 
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an inductance and a capacity, respectively, are given by the 
formulze 


Ex=RI=R7, 
dl a*x 
Ho Le ae 
t 
ai led Ral a 
Ee = C Ba ae ke 


By means of these formule and the use of the laws (1) and 
(ii) it is possible to write down at once the differential equations 
which must be obeyed by either the quantity ~ or the current J. 


a 6 c 
wie | 
: ae ee 
G ie, 
d e Ve 
Fic. 15. 


When rule (i) is applied to the circuit of Fig. 15 it leads 
to the conclusion that the same current J; flows through the 
branches ed, da and ad; and the same current J2 through the 
branches dc, cf and fe, while the current through the one 
remaining branch de is! I; — Ie. 

Then the application of rules (111) and (iv) gives the following 
electromotive forces : 


. dl 
in ab, Ly aes ; 
: dI 
b ae 
in dc, 1E) ape 
in cf, ReIs 5 
in de, RiWi — Te); 


* Iz is subtracted because it flows in the opposite direction from J). 
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while in fe and ed the electromotive force is zero since there 
are no impedance elements there. In da there is supposed 
to be a generator producing the electromotive force E which 
gives rise to the current flow. 

Having these values, the application of rule (ii) to the 
meshes abeda and bcfeb separately gives the desired differential 
equations : 


dl 
re Ry — de) te 


O, 
(42) 


| 
o 


dl. 
Ls a pehelo — Rit iy = 15) = 


The only treacherous point about the formulation of these 
equations lies in determining the signs of the various terms, 
particularly in the case of the branch de. This, of course, is a 
technical matter about which the electrical engineer would be 
well informed. For the present it is sufficient to note that we 
always sum electromotive forces by starting from a point such 
as a, and passing continuously around a loop such as abeda, 
back to a. Whenever the arrow which represents a current 1s 
drawn in the direction in which we are going, as in the case of 
I;, the electromotive forces to which it gives rise have the 
positive sign. But if the arrow points against us, as in the 
case of Jz when passing from 4 toward e, the electromotive 
force enters with a negative sign. 

This example differs from the preceding ones in that, 
though there is only one independent variable ¢, there are two 
dependent variables J; and Jz. There are, however, two equa- 
tions from which to determine them. In a later section it will 
be found that their solution is not difficult. 


§ 18. Example 4. The Conduction of Heat 


The temperature at every point of a body may be repre- 
sented by a function 6(x, y,z). If the temperature is the same 
at all points 6 is a constant, otherwise it varies with one or more 
of the coordinates. If a line 7B of length As is drawn inside 
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the body and the temperatures at its end-points are observed 
to be 64 and 6z, the ratio 


On — Oa Aé 
As INS: 


measures the average rate of change of @ between 4 and B. 
The limit of this ratio, as As is allowed to vanish, is called the 
gradient of the temperature in the direction 1 s, and is denoted 


by the differential symbol 7 . It signifies the rate at which 0 
‘ 


would be observed to change by an observer who traveled 
away from 4 in the direction s. When the direction s happens 
to coincide with one of the coordinate axes, this gradient 
becomes a partial derivative of the usual sort. 

With this definition understood, three fundamental laws 
upon which the study of heat conduction rests are: 


(i) The amount of heat which a body contains per unit volume 
is proportional to its temperature. 


(ii) The quantity of heat transported in unit time across any 
plane area inside the body is proportional to the product of the 
area by the temperature gradient normal to that area. 


(iii) The heat flows from the high temperature to the low 
temperature side. 


The constants of proportionality in (1) and (ii) are called 
the thermal capacity and the thermal conductivity of the body, 
respectively, and will be denoted by ¢ and &. 

Consider an elementary cube with the edges dx, dy and dz, 
one corner of which is supposed to be at the point (x, y, 2). 
Consider first the two faces perpendicular to the axis of x. 
The rate at which heat is conveyed out of the cube across the 
nearer one of these faces is, by (ii) and /iii), 


: 00 
OX | ny 2 
ee EE ee eee 
1 “Direction s” means, of course, the direction in which the line 4B was drawn. 


dy az; 
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and the rate at which it is Suen in across the farther one is 


re — dy dz. 
= ztdz, y, z < 
The difference between these is the net rate at which heat 
is gained, so far as these two faces are concerned. If the 
symbol gz is used to represent the net amount which has 
flowed into the cube across these two faces since the time 


t = 0, the net rate of gain must be written as a, Hence 
dq: te 6 ) 
a bee 5 Biel white 
dt By Ries en ang ete) 


If dx is sufficiently small the bracketed quantity is approxi- 


076 
mately equal to — dx, the approximation becoming exact if 


Ox 2 
dx is allowed to vanish. Hence we have 
dqz 
at a 8 “ vy dy dz. 


A similar argument may be applied to the faces perpendicu- 
lar to the y-axis, and leads to the result that the net gain of 
heat through these faces takes place at the rate 


dye ee 
ahs k aye dx dy dz 
Through the remaining pair of faces the net gain is at the rate 
qe _ 
os 


The total rate of gain in heat, 4, is the sum of these three 


terms. As it takes place in a volume dv = dx dy dz, the net 
rate of gain per unit volume is 

Dey. (S+S 076 2 

ode ~ *\at aya t a (43) 


All this comes about through the application of the second 
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and third laws. We are now ready to apply the first. The 
quantity of heat per unit volume is cO(¢) at the time ¢, and 
c6(t + dt) at the time ¢+ dt. The net gain is therefore 


clatt + dt) — 6], 
and as this takes place during the interval dt, the rate of gain is 


et AO (44) 


The heat thus acquired must, of course, come across the 
boundaries of the element (unless there are sources of heat in 
the element itself, which is not contemplated in this discus- 
sion), wherefore it follows that (43) and (44) must be equal. 
This leads to the differential equation 


O20 070 mo -6 c 06 
a 0 eee (45) 


This equation must be satisfied by the temperature of any 
body through which heat is being conducted. It is of different 
form from any so far met in that, though there is only one 
dependent variable 6, there are four independent variables, 
x, y,zand#. The derivatives are therefore partial derivatives, 
and the equation is a partial differential equation. 

As a simple example, consider a large plane slab, the faces 
of which have been maintained at the temperatures 6, and 02 
so long that the temperature of every point of the interior has 
already reached a state of equilibrium and is no longer changing. 


00. - 
Then ay 18 2erO. Conditions of symmetry show that the tem- 


perature will be the same at all points of any plane parallel to 


2 2 
the faces, which means, of course, that ae and ie - are zero. 
Hence (45) reduces to e) 
a6 
dx 


there being no longer any reason for using the round @’s since 
only one independent variable remains. 
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This equation is so simple that it may be solved imme- 
diately, without waiting for the development of elaborate 
methods. Simple integration gives 


6 = ax + J, (46) 


a and 4 being the constants of integration. 
If the coordinates of the faces are x =o and x = Xx, 
respectively, the boundary conditions are 


(i = 2, 
62 = aX +. 
From these, a and 4 are found to be 
Dab, 
pa Ba 
Seat 


wherefore (46) becomes 


= 6, + = (6 = %,). 


The graph of @ against x is therefore a straight line, having the 
ordinate 6, at the face » = o and the ordinate 02 at the face 
xo OX 


$19. Example 5. Irrotational Motion in a Perfect Fluid 


When a fluid is in motion its various elements may have 
quite different-velocities. If only the x-component of motion is 
considered, it is obvious that its value at each point is a function 
of the coordinates x, y and z, and possibly also of the time ¢. 
This function might be denoted by u(x, y,z, 2). Similarly, the 
y-component of motion may be a function (x, y, 2, ¢) of these 
same variables ; and the z-component a function w(x, y, 2, ¢). 

Now it can be shown — though it is not feasible to do so here 
— that these three functions are very often ! equal to the three 
partial derivatives of one and the same function ¢(*, y, 2, ¢) 


1 Specifically, when the fluid is “perfect” and its motion is “irrotational.” 


gp) ELEMENTARY DIFFERENTIAL EQUATIONS 


with respect to x, y and z. This function is known as the 
velocity potential of the motion. Moreover, the partial deriva- 
tive of this same function ¢ with respect to ¢ is proportional ! 
to the condensation at (x, y, z); that is, to the percentage by 
which the instantaneous density at that point exceeds the 
average density of the fluid. Written as equations, these state- 
ments become 


Assuming these statements to be true, the differential equa- 
tion which the motion of the fluid must satisfy may be set up as 
follows: 

Consider the element of volume shown in Fig. 16. A 
mass of fluid pu dy dz dt flows into this element across the 

left-hand perpendicular face in time df; 


and a quantity alu + . dx) dy dz dt flows 


out at the opposite face. Likewise a quan- 


as tity pv dx dz dt flows in through the front 
dy : Ov 
| a“ face, and a quantity aC Se ay dy) dx dz dt 
dx 
eae flows out at the back. Across the bottom 


face pw dx dy dt flows in, and at the top 
) 
p (~ + = a) dx dy dt flows out. Taking account of all of 


The constant of proportionality is always negative. This accounts for the form 
in which the fourth equation below is written. 

We note, also, that by definition s = (p — po) /po, s being the condensation and p the 
density. Hence we have the relation p = po(s +1), which we shall use later in our 
argument. 
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these and assuming that p differs but a negligible amount from 
po throughout the element of volume, it is seen that the quan- 
tity flowing out exceeds the quantity flowing in by the amount 


po di dy deat (2 +5 rat Te 


or, if it is more convenient to state it so, the quantity within the 

element has been increased by the negative of this amount. 
This must be accounted for by a change ds in the con- 

densation. However, the original mass of mS, element was 


po(t + 5) dx dy dz, and its eee mass ao( +s5+— 2 ar) dx dy dz. 


Therefore, the increase is pos dx dy dz dt. poe these 
two quantities, we obtain 


Or 
Pp , 7d 0H _ Hb 
ax? " ay? "ae ° an’ 47) 


This is the desired equation. 
If the fluid is incompressible, s must be zero everywhere and 
at all times. In this case (47) reduces to 
Po Od , oh 
ee ee. g 
Ox LO Oz S (48) 
The three equations (45), (47) and (48) are known as “‘the 
equation of heat conduction,” “the wave equation” and 
“TLaplace’s equation,” respectively. They are among the most 
fundamental equations of applied mathematics, and as they all 
contain the same combination of derivatives, 


0? 0? 0? 
a2 * ay?! On? 


a special symbol V? has been invented to represent it. Using 
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this symbol, which is called “nabla squared,” (45), (47) and 


(48) can be rewritten in the forms 


ee 
a2 
Eb Ca (47) 
Vo = 0. (48) 


There is a fourth differential equation of immense impor- 
tance in applied mathematics which involves the same combina- 
tion of derivatives as (45), (47) and (48). It is 


V?6 + 47p = 0 (49) 


in which ¢ is electrical potential and p is the density of elec- 
tricity, that is, the quantity of electricity per unit volume. 
This equation, which is known as “Poisson’s equation,” repre- 
sents the distribution of potential in a region throughout which 
charges of electricity are scattered about in any arbitrary man- 
ner. The p, of course, is a function of x, y and z which tells 
where the charge is located. In case no charge at all is present 
p is zero, and (49) reduces to Laplace’s equation. 


$20. Example 6. The Equation of the Potential Distribution in 
a Vacuum Tube 


As a last example, let us consider the potential distribution 
between a pair of parallel plane electrodes in a vacuum tube, one 
of which is supposed to be so hot that it emits electrons which 
are drawn across to the other by a potential difference main- 
tained between them. According to the statements made in 
the last paragraph, the case is covered by the differential 
equation (49), once the distribution of electricity in the space 
between the electrodes is known. The real problem, therefore, 
is to find this distribution. 

Now it is a fundamental physical law, that when a negative 
electric charge of magnitude e is transported from a place at 
which the potential is ¢; to a place at which the potential is ¢s, 
an amount of work (¢2 — ¢1)e is done upon it, and its kinetic 
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energy is therefore increased by this amount. Let us suppose, 
then, that the curve of Fig. 17 represents the desired potential 
distribution, and assume that x 
electrons per second are emitted 
from a square centimeter of 4, 
that each carries a charge e and 
has an initial velocity vp and a 
mass m. When such an electron 
has reached the point P at which 
the potential is ¢, its kinetic 
energy will have been increased 
by an amount (¢ —V/)e. Since 
its initial kinetic energy was $00? Fic. 17. 

its kinetic energy at P must be 

gm? + (¢ — Vo)e. This, however, 1s equal to $mv?, v being 
its velocity at P. Hence 


v = Vu? + <(¢ — Vo). 


From the number of electrons passing P per second and the 
velocity with which they travel, it is easy to find the space 
charge p. For this purpose attention is directed to the elec- 
trons which pass through a square centimeter of area normal to 
the electron stream during a short test interval dt. Those 
which crossed the surface at the beginning of this test interval 
will have traveled a distance v dt before it ends, while those 
which crossed at the end of the interval will scarcely have 
moved atall. Hence the group under observation will be spread 
out over a parallelopiped of unit cross-section and height o dt. 
Their number is obviously 7 dt, and their aggregate charge 
—nedt. But if this negative charge — ve dt is distributed 
through the volume v df of our parallelopiped, its density must be 


Ie Chee 
Pies ea 
Hence (49) becomes 
awne 
v7 = + 
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Furthermore, because of the symmetry of the problem the 
potential can vary in the direction of x only and therefore 
2 02 
<< 2 and “= must be zero. Hence (49) becomes 
De 


ah 47 (so) 


dx? * ; 
V Uo" ete — (¢ — Vo) 


This differential equation expresses the law of variation of 
potential inside a thermionic vacuum tube with plane elec- 
trodes, provided all the electrons are emitted with the same 
velocity. It is the equation from which the so-called “three- 
halves power law” is derived. 


PROBLEMS 


1. Classify all the differential equations of Chapters I and II as 
to kind (ordinary or partial), degree and order, and state whether 
they are linear or non-linear, and if linear whether the coefficients 
are variable or constant. 


2. In the case of each ordinary equation, state the number of 
independent constants which will appear in the general solution. 


3. Which of the solutions obtained in the examples have been 
general solutions? Write down two particular solutions of each 
example for which a general solution has been obtained. How many 
more are there? 


4. Toa fair order of approximation it may be said that the quantity 
of heat lost per second by a warm body is proportional to the difference 
in temperature between the body and the surrounding medium. 
Assuming this rule, write the differential equation which expresses the 
reading of a thermometer as a function of the time, when the bulb is 
transferred from a hot to a cold medium. 


5. The curvature of a certain curve is at every point proportional 
to the slope of the normal drawn through that point. What is the 
differential equation of the curve? 


6. Find the differential equation of the family of circles 
(% — 6)? Py? =a (18) 
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7. Find the differential equation of the family of curves 
Gy —oP = (+0). (14) 

8. Find the differential equation of the family of curves 
y” = (% — €)(w — 2¢)?. (17) 


g. A boy, standing upon the corner 4 of a square field, holds in 
_ his hand one end of a rope of length Z. This rope is lying at full 
length along the side 4B of the field, and has a heavy weight attached 
to its farther end. The boy walks along the side 4C, taking with him 
his end of the rope. Assuming that the instantaneous motion of the 
weight is always in the direction in which the rope extends away from 
it, find the differential equation of the path of the weight. 


1o. A point, P, moves in such a way that it traces a curve the 
slope of which is proportional to the area of the triangle formed by 
the ordinate to the point, the x-axis, and the line drawn between the 
points (2,0) and P. Find the differential equation of the curve. 


11. A machine is accelerated by a constant force F, but is retarded 
by frictional forces at the bearings, these forces being directly pro- 
portional to its velocity, the factor of proportionality being R. How- 
ever, owing to the heating of the lubricant in the bearings the factor 
R itself varies with time, and may be taken roughly as the reciprocal 
of ¢+ 1. Remembering that the acceleration of a body is the 
quotient of the applied force by the mass, set up the differential 
equation of motion of this machine. 


CHAPTER: FY 
MetuHops or SoLuTION; First OrDER EQUATIONS 


§ 21. Dependent Variable Missing 


Two very simple types of first order equations are those 
from which one or the other of the variables is missing. Sup- 
pose it is the dependent variable y which does not explicitly 
occur. The equation must then be of the form 


; gs ihe da ; 
When this equation is solved for an equation such as 


dx 
CS a 
Pigs o(x) 


results. In this form, the problem of solving the differential 
equation is reduced to a mere matter of integration. The 
solution is 


y= 9G) dete, (51) 


a being arbitrary. 
It is frequently more convenient to write the solution in 
the form 


= i ‘6(s) ax, (52) 


in which xo is the constant of integration. That this form is 

identical with (51) is easily seen: for the definite integral in 

(52) may be evaluated by substituting the two limits in amy 

(that is, an indefinite) integral, and subtracting the results. 

But when the upper limit is so substituted, it gives only the 
58 
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indefinite integral itself, while when the lower limit is sub- 
stituted it gives some constant, the value of which is arbitrary 
so long as xo is arbitrary. If this constant is written — a, 
(52) reduces to (51). 


As an example, consider the equation 


a) ie haa Lege 
& eat ms (53) 
This equation may be solved for oe with the result 

a, 

an = fee=t= VI wy 


of which the integral is 
y=a-xt3(1 — x)”. 


Hence (53) is satisfied when and only when one or the other 
of the relations 


ytxw—-at3i —x)* =0, 


Date ee os (te) 0,” 


(54) 


is true. 

Both of these solutions can be included in a single equation ; 
for if the product of two quantities vanishes, either one or the 
other of the quantities must be zero, and conversely. Hence 
every solution of (53) satisfies the relation 


ia 18) Gt x)=, (55) 


obtained by multiplying the two equations (54) together term 
by term. Conversely, whenever (55) is satisfied one or the 
other of the equations (54) must be satisfied, which means that 
(53) is satisfied too. 

If in addition to the knowledge that y must satisfy (53) 
it is known that y must vanish at x = 0, the value of a is no 
longer arbitrary, but must be so chosen that this condition will 
be fulfilled. Upon making both y and « zero in (55) it is found 
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that a =+%. Hence the particular solution ! which satisfies 
both the equation and its boundary condition 1s 


(y +x + 9) = $0 — ¥). 


§ 22. Independent Variable Missing 


In case the independent variable is missing the equation 
takes the form 


Solved for a this gives 


dx 
dy _ 
dx == $(y)s 
or 
Oe = dx: 


It may also be written in the form 
Y dy 
x= . 
77) $(y) 


As an example, consider the equation 


oe I— y. 


dx 


This reduces to the form 


dy 


sin-!(1 — y) ee 


or 
3 
~ J sin-(1 — y) na (56) 


: : : 
Or, better, the particular solutions; for the two values of a give different curves. 
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So far as the theory of differential equations is concerned, 
this is the solution of the problem at hand. The fact that the 
integral cannot be expressed in finite form in terms of the 
elementary functions is not gratifying, but it cannot he 
avoided.! 


§ 23. Variables Separable 


The general equation of the first order can contain only the 
ay 


variables x and y and the one derivative oe 
ms 


Theoretically it 


gy. and when this 


dx 


is always possible, therefore, to solve it for 


is done an equation of the form 
oye 


is obtained. If ¢(x, y) happens to be the product of a function 
of x only and a function of y only, in which case it can be 
written as ¢1(x)d¢2(y), or if it can in some manner be thrown 
into that form, (57) can be rewritten as 


The solution of this is obviously 


ee aa) =f (x) dx + a. 


This process is known as solving a differential equation 
“by separation of variables.” The methods explained in §§ 21 
and 22 are special cases of this scheme, and other examples 
are not difficult to find. For instance, when the variables in 
(34) are separated, it becomes 


d. 
TAS LS (58) 
wie Ne SU ge Vag a 


1In §§ 24 to 26 practical methods of evaluating the integral will be explained. By 
means of these it is possible, either to obtain a curve representing the relation between 
x and y, or else to compute a table of values, thereby completing the solution of the 


problem. 
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d 


As —2—~ is the differential of sin—1y, (58) may be written 
Vr = ye 
in the alternative form 
asin-ty —.ak 
Shi eae (59) 


the solution of which is obviously log sin-1y = log x + a. 
This can readily be reduced to the form (32), from which the 
differential equation (34) was originally derived. 

It is interesting to note that the substitution suggested in 
Problem 6, § 5, reduced this equation to the form 


5) (60) 


in which the variables are easily separated. After the integra- 
tions have been performed the solution is found to be 


i =sen = 
and this in turn reduces to the form 
y = sin cx 


by virtue of the relation between y and w. 

Essentially there is no difference between these two methods 
of solution. The change of variable in Problem 6 was made 
in accordance with the equation y = sin w, or w = sin-ly,. In 
(59) this same function and its differential were explicitly 
written, and used as if sin-!y were itself the variable of inte- 
gration. Whether or not it is kept explicit as in (58) and (59), 
or replaced by a w as in (60), is purely a matter of convenience. 


PROBLEMS 


1. Solve equation (39). Assuming that arc lengths are measured 
from the minimum point of the curve, determine the value of the 
constant of integration. 


2. Solve Problem 3, § 5. Is the solution the same as the one 
obtained before? 
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3. Solve the differential equation derived in Problem 4, § 20. If 
the temperature of the hot medium is 30° higher than that of the 
cooler one, and if after two seconds the reading of the thermometer 
is 20° higher than the temperature of the surrounding medium, what 
Is 1t twenty seconds after removal? Would this make a good clinical 
thermometer ? 


4. Solve the following equations : 


(2) sin x cos? y dx + cos? x dy = 0. 
ae 
6) 2a aes 


oy es 2 dy 
Ke). xy oP a o(r +0 @), 


5. Solve equation (36). 
6. Solve 


nopet Ss y2>+2 x (y2? +2)" 


§ 24. Numerical Integration 


The types of equations discussed in §§ 21 to 23 all reduce 


to the form 
fA0) dy = f fale) dx ta. (61) 


Though this constitutes a “classroom solution” in the theory 
of differential equations, it may fall short of the requirements 
of the scientist for either of two reasons: he may not be able 
to evaluate the integrals; or, after they have been evaluated, 
he may not be able to solve for y as an explicit function of x. 
Equation (56) is an illustration of the first type of difficulty, 
while the solution of Problem 6, § 23, will be found to be an 
excellent example of the other. When either of these condi- 
tions arises, some further tools are necessary. 

It will serve present purposes best to take these difficulties 
up in the reverse of their logical order, considering first what 
is to be done if the functions have been integrated, and then 
how to integrate them. 
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If both functions have been integrated — for the moment it 
does not matter how — the two integrals in (61) can at least 
be plotted to the same set of axes, as in Fig. 18, the abscissee 
being called x for the one curve and y for the other. Then 
suppose that the boundary condition is so stated that y = Yo 
when x = xo. These points having been located on the axis, 
as in Fig. 18, the ordinates corresponding to them represent 
the values which the integral terms in (61) must take simul- 


Fic. 18. 


taneously. Hence a must have a value equal to the difference © 
in their lengths, for otherwise (61) would not be a true equation. 

This value of a being known, it is easy to pick out other 
pairs of values of x and y; for (61) states that if x and y are 
any pair of corresponding values, the ordinate to the curve 
A at y must exceed the ordinate to the curve B at x by an 
amount a. Suppose, then, that we wish to know the value of 
y which corresponds to any x. This x having been marked on 
the axis of abscisse, and the amount @ having been added to 
the ordinate of curve B, thus extending it to the point S, we 
need only seek the point T on curve 4 which is at the same 
height as S, and the scale-reading immediately below it will 
be the y for which we seek. 

Other values of *« may be chosen, and the corresponding 
values of y determined by the same process. When a suf- 
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ficient number are available, they may be plotted as in Fig. 19 
and a curve C drawn through them. This curve then repre- 
sents the relationship between x 
and y. It may obviously be extended ‘ epee aes erre tee 
as far as we desire. 


§ 25. Integration in Series 


The method of § 24 presupposes 
the possibility of integrating /i(y) 
and f(x). The next few sections 
will be devoted to explaining meth- 
ods which are sometimes useful for 
this purpose. 

The functions fi(y) and fo(x) 
can often be expanded in Taylor’s 
series. If the series converge in the Fic. 19. 
neighborhood of the values yo and 
xo, they can be integrated term by term and computations 
may be made from the series which result. 

As an example, consider the equation 


* Dae. 
ff a rere — y) ee: (56) 


which appeared in § 22. To simplify matters somewhat, y will 
be replaced by a new variable w defined by the equation 


w =sin—(1 — y). (62) 


cos w 
x= _ {22 dw+a. 
w 
This, of course, can be written in the alternative form 


a Hf eee ie: (63) 
wo Ww 


Ww. 
in terms of the 


! 
1 
\ 
i 
' 
' 
' 
1 
\ 
! 
f 
\ 
! 
| 
' 
! 
! 
! 
x 


Then 


Now it is not possible to integrate 


elementary functions ; if it were, (56) could also be integrated 
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atonce. But it is possible to expand it in a rapidly converging 
series, for the series 

Si in Ligh edule 

cos Y= 1 — + ter Fer 

Choe Gs 


on 
is well known, and from it we obtain at once 


cos w I w w? w? 
w w “ol a or 


ae 


When this is integrated term by term it gives 
w wt we 


deena oe ascii Geek a nee (64) 


Suppose, now, that the boundary condition is y = o when 
x =o. Then by (62) w= sin-'1 = 7/2. Substituting this 
value in the right-hand side of (64) gives the value a + 0.1052. 
Hence, if « is to be zero when y is zero, a must have the value 
—o.1052. The relation between x and y is now completely 
determined by means of the equations (62) and (64). Since 
(64) is convergent for any value of w, it is possible to compute 
x for any value of y and plot a curve relating them to one 
another. From the standpoint of computation, however, it 
would be simpler to compute x for suitable values of w? by the 
use of (64), and to find the corresponding values of y from 
(62); for in doing so, the w’s might be so chosen as to have 
only a small number of digits, so that their logarithms could 
be found without interpolation, and at the same time the 
powers needed in (64) would be more easily computed. 


The integral 
if cos w dk 
wo Ww 


which occurs in (63) is frequently met in studies on the dif- 
fraction of light and sound. Its values have been extensively 
tabulated under the name “Integral Cosine,” and are usually 
represented by the symbol! Ciw. Of course, the tables 


1 The symbol is analogous to “cos w” and the like, and is derived from the initial 
letters of the Latin words for “integral cosine.” The inverted order is due to the 
fact that in Latin the adjective usually follows the noun. 
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represent a definite, not an indefinite integral. That is, they 
correspond to a particular value of wo, which happens to be o. 
Hence in expressing (63) in terms of these tabulated functions 
we would have to write 


x= Ciw — Ciw. (65) 


It is not hard to determine wp so as to satisfy our boundary 
value, for since x must vanish when w = 7/2, it is obvious that 
wo must be 7/2. Hence 


ca A 
ihe Sls oe OD 


is a shorthand form of (64) and corresponds to the particular 
value a = — 0.1052. 

The fact that the simple expression (65) and the series (64) 
represent one and the same function may serve to illustrate 
how slender is the distinction between those functions which 
are usually thought to be simple and those which are regarded 
as involved. When first met, Ciw is likely to appear as an 
artificial notation for the complicated series (64) — not as being 
at all in the same class with such “simple” functions as 
log w, cos w, and e”. Yet these also are available for purposes 
of computation only because extensive tables exist, and those 
tables were originally derived from series. 

Similarly, there is no essential reason for saying, as might 
be done in the study of the Calculus, that the integral 


fe 
W 


can be evaluated, while the integral 


cannot: for one integral may be written log w and the other 
Ci w, each of which is available as a tabulated function and 
in no other way. 

There is, therefore, nothing esoteric in the use of series 
solutions. If desired, the series solution of any integral could 


68 ELEMENTARY DIFFERENTIAL EQUATIONS 


be given a name, as (63) has been given the name Ci w, and 
its values could be tabulated. It would then be placed in 
just the same category as logarithms and trigonometric func- 
tions. That this has been done in certain cases and not in 
others is due to different degrees of usefulness, not to any 
other characteristic. 

Taylor’s series, moreover, is not necessarily the best form 
in which to expand a function. Thus, while (64) converges 
rapidly for small values of w, it is hard to deal with when w 
is large, and other series can easily be found which serve the 
purpose better. Such a series will next be derived; not for 
the general integral, however, but for Ci w itself, since we have 
seen that the general integral is easily expressed in terms of it 
by means of (65). 

Upon integrating 


w 
cos w 
Ci w = jf dw 
o + 
by parts, we obtain 


: ae, 
; sin w sin w 
Ciw = +f dw. 
Ww 
fee) 


Ww 


Integrating this result by parts a second time, we get 
; sinw  cosw ” cos w 
Ciw = SE eR af dw. 
w Ye 


Continuing this process, we are led to the series 


Ci w = sin w [4 tess _basese) | 
I MEO ISO 2 Te Dies Qrerasess 
— cos [3 — SS 4 EES | 


This series does not converge, but nevertheless it is useful 
for purposes of computation when w is large; for it may be 
shown that if 7 terms of the series are computed, their sum 
differs from the true answer by an amount less than 


I-2°3:++(m—1) : : 
——— 3: To see this, we note that after m integra- 
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tions by parts, Ci w will be expressed exactly as the sum of the 
first 7 terms of (66), plus an integral which is either 


MDP x 
sin Ww 
Gna So 2O a C nf ert a 
eo 


1-253 we SEDs 
— ° . . . ° n —SS W. 
a wet 


One or the other of these terms, therefore, represents the error 
incurred upon accepting the first 7 terms of (66) as a sufficient 
approximation. But since neither sin w nor cos w ever exceeds 
1, these errors must necessarily be smaller in absolute value 


than 
aid I-2:3-++(m#—1) 
SASS 84 a aa crema aa 


or 


If, then, the terms inside the parentheses in (66) first 
decrease in value and become very small — as they actually do 
when w is large — and afterward increase and cause the series 
to diverge, a good approximation may be obtained by stopping 
the computation while the terms are still small. To obtain 
the same degree of accuracy from (64) would require much 
more labor. 


PROBLEMS 


1. Find a series expansion for (176), § 59, by expanding e7 
a power series. 

2. Find, by repeated integration by parts, an expansion for the 
same function in descending powers of x. 

3. Compute the values of Ci 1 and of Ci 10 to four decimal places, 
given that Ci 7/2 = 0.4720. 


in 


§ 26. Graphical Integration 


When the uses to which the solution of an equation are to 
be put are such that no very great accuracy is demanded, a 
process of graphical integration can sometimes be used to con- 
siderable advantage. The method which is most feasible 
makes use of two ideas. The first is that the integral of a 
constant is represented graphically by a straight line the slope 
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of which is equal to that constant. The second is that the 
b 
integral A f(x) dx is equal to the area bounded by the curve 


y = f(x), the x-axis, and the ordinates at x = 4 and x = b. 
Suppose it is required to integrate the function y = f(x), 
which is represented in Fig. 20 by the curve ABC - - - ; and 
suppose that this curve is replaced by the broken line abcd: - - , 
so constructed that the two “‘triangles” of each of the pairs 
a,a; B,B; +++ 3 are equal in area. The integral of the 
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broken line can easily be obtained by the use of the first idea 
mentioned above: that is, by drawing a succession of straight 
lines with appropriate slopes. Suppose this has been done, 
and has led to the broken line a’c’e’- +--+. At the points 
A’, B’,+ + +, of this broken line the ordinates must be equal 
to the integral of the function f(x) itself; for up to these 
ordinates the areas under 4BC--: - and its approximation 
abcd - + are equal. The true integral curve therefore passes 
through the points 4’, B’,C’,---. Furthermore, at the 
points 4, B,C,- +--+, to which 4’, B’,C’,- - -, correspond, 
both the line segments cd, ef, - - - , and the true curve 4BC 
have the same ordinates. Hence at these places the true 
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integral curve should have the same slope as the broken line 
a'c’e’- - -, Thus not only does the true curve pass through 
A’, B’,- - - , but it is tangent to the broken line at these points. 


The knowledge of these facts makes it possible to draw in a 


curve which represents ih J (x) dx to a high degree of approxi- 
mation. 

A practical routine for carrying out this process is illus- 
trated in Fig. 20. 

The broken line is first constructed in such a way that, as 
nearly as can be estimated by eye, the corresponding triangles 
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of each pair are equal. Points a,c,e,- +: , are then marked 
on the y-axis at heights corresponding to the segments 
ab, cd, ef, - + - , respectively, and a point g is marked on the 
x-axis, one unit to the left of the origin. The lines ga, qc, 
ge: * +, therefore have the same slopes as the segments 
Woae eee 2 Lheicurve, ABC’ » «was, ny fact, 


constructed by joining together segments parallel to these lines. 


§ 27. The Integraph 


There is a machine, manufactured by a Swiss instrument- 
maker,! which is so constructed that, when a pointer is passed 
along the curve y = f(x), a pen associated with the machine 


automatically draws the curve y = | f(x) dx. It is shown in 


1G. Coradi, Zurich. 
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Fig. 21, and in Fig. 22 is given a schematic diagram illustrating 
its method of operation. 

The essential feature of the machine is a triangle ABC, 
having three movable sides. The side 4B is a heavy carriage, 
which is kept parallel to the y-axis, but which rolls freely on 
the wheels WW. The side 
BC is kept parallel to the 
x-axis, but is supported in 
such a way that it may 
move freely in the y-direc- 
tion. Its length, which is 
maintained fixed, is the 
theoretical unit of length 
for the operation of the 
machine. The third side 
AC is a rod so supported as 
to pass through the point 4 
at which the x-axis intersects 
the carriage, and through 
the end C of the rod BC. At C is placed a pointer,! by means 
of which to trace out the curve y = f(x) of which the integral 
is desired. 

Obviously, since BC is unity, the slope of the line 4C is 
always equal to the value of f(«) which corresponds to the 
particular point C upon which the tracing point is resting. 

There is also a parallelogram pp’dd’, the side da’ of which 
is maintained at right angles to the bar 4C, though it is free to 
slide along it. The center of the opposite side d is located on 
the ordinate to the point C, and is the axis of a knife-edged 
disc which rests on the paper and rolls as the carriage 4B is 
moved. As its axis d is perpendicular to AC its motion must be 
_ parallel to AC. Hence as the pointer is moved the disc travels 
a path the slope of which is constantly equal to the instan- 
taneous ordinate f/(~) of the point C. Hence if C moves over 


Fic. 22. —ScuEematic DiaGRAM OF THE 
INTEGRAPH. 


? For convenience in operation, the pointer is carried by an adjustable framework, 
as shown in Fig. 21; but this has no bearing on the theory of the machine. 
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the curve y = f(x), the disc must roll along a path the equation 
of which is y = ff) as. 


In the integraph a pen is associated with the disc so as to 
draw this integral curve, thus leaving a permanent record of 
the integration. 

Institutions where many differential equations are met, so 
that difficult integrations are frequent, usually possess such 
devices. Their accuracy is quite sufficient for most practical 
purposes, and they are rapid in operation. They possess one 
disadvantage, however, which is frequently serious. If the 
differential equation contains literal constants or parameters, 
instead of numerical ones, it may be necessary to assign a 
succession of values to these constants and carry out a separate 
solution for each. This, of course, requires a great deal of 
labor, and may prove prohibitive. 

For example, the equation 


dy 


= ; 2 
de 7 Sin (39? + 2) 


could easily be solved by means of the integraph; but the 
equation 


dy : . 

— = 6 
ie 7 sin (ay? + d) (67) 
could only be solved by assigning special values to the constants 
@eand, @. 

On the other hand such parameters may frequently be 
caused to disappear by an appropriate change of variable. 
Thus, the equation 
d 
a aye) (68) 
appears at first sight to be as difficult as the other. But by 
introducing two new variables 


“x = ¢1&, 


eae C2175 
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it may be caused to take the form 


2 
pl a (aco?n? + b)E. 
C2 


dé — 
Then, by making c, and cz satisfy the conditions ac? ¢2 = 1 


2 . 
and i oe (chat is, by making «1 = Fs and ¢z = No} this 


may be reduced to the simpler form 
an _ (yp 
T= (of + OE (69) 


Hence by solving (69) a curve connecting & and 7 could 
be obtained, such as that shown in Fig. 23. As this curve 
applies equally well to a// values 
1 = a/b y of a and 4, the solution of any 
equation of the form (68) can be 
obtained from it by merely chang- 
ing the scales on the axes. Thus, 
if 6 = 8 and a = 2, x and y are 
Se related to & and 7 by the laws 
x =4$£ and y = 27. Therefore, 
by multiplying the numbers on 
the y-axis by 2 and dividing those on the &axis by 2 the 
n-curve is transformed into one connecting x and y. 
Even (67) is capable of considerable simplification by this 
device, for by using the substitutions 7 = y Va and E= %-Wa 
it may be reduced to the form 


Fic. 23. 


dn _ 
de 


which contains only one parameter instead of two. 


E sin (4? + 4), 


§ 28. Variables Separable by Substitution; Homogeneous 
Equations 


It sometimes happens that an equation in which the variables 
do not appear to be separable may be reduced to a form in 
which they are separable by the use of a suitable substitution. 
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As an example, consider the equation 
d 
a - 1 V ye = 0; 


Upon replacing y by w = xy we obtain a new equation 


of which the solution is 


The reader will no doubt feel that this is a piece of trickery 
which is only likely to work in problems that have been hand- 
picked for the purpose. There is, indeed, a certain amount of 
truth in this reaction, for even where a suitable substitution 
exists it is not likely to be obvious.1_ Consequently this method 
of solution should generally be one of the last to be tried. 
There is one type of equation, however, for which the correct 
substitution is always known. It is known as the homogeneous 
equation. 

An equation 


® = 42,9) (70) 


is said to be homogeneous if the function ¢ remains unaltered 
when x and y are replaced by kx and ky, regardless of the value 
of the quantity &. That is, the equation is homogeneous if 


$(x, y) = o(kx,ky) 


for any value of k whatsoever. In particular, if k is replaced by 


1Jn the illustration, the substitution might be suggested by the observation that 
the first two terms are just the well-known formula for oe (xy). It often happens, in 
x 


dealing with troublesome equations, that success or failure hangs upon just such an 
observation as this. The solution of differential equations is no fit occupation for the 
obtuse. 
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1/x, the arguments of ¢ become 1 and y/x. Then (70) takes 


the form 
oe ( Z) 
are ea i 


This suggests substituting w = y/wx for y, which is found 
to lead to an equation 


Pe =p 1) 
dx 


in which the variables are separable. 
From this point on the formal process is : 


dw _ de 
o(1,w)—w x’ 
dw 

log x = log a + bo, w) —w? 


dw 
o(1, w) —w 
x = aAé * 


As an example, consider the equation 


Celi pio ss) 2 + 2xy =0, (71) 
x0 
or 
dy _ oxy 
dx x2 Hy?” 


It is easily seen that, if kv and ky are substituted for x and y, 
no change occurs in the right-hand side of the equation. 
Hence it is homogeneous. Now set y = wx. Then 


dw 2w 
a ig ies I+ 4? 
or 
I + w? dx 
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The integral of this is 
— logx = loga + 4 log (3w + w%), 


which reduces to 
I 


be 
2 
eae Se 


It may be remarked in passing that this reduction to a form 
in which the variables are separable can be brought about by 
replacing x by w equally as well as by using the substitution 
made above. However, it is usually simpler to change the 
dependent variable than to change the independent one, and 
consequently the substitution of w for y is the one most com- 
monly used. 


§ 29. Exact Differential Equations 


Some first order differential equations may be solved by 
comparison with the formula for total differentiation 


de _ 06 , d$ dy 
dx ax — dy dx° (72) 


Suppose that the differential equation to be solved occurs 
in, or can be reduced to, the form 


Assy) + fale, 9) 2 = 0. (73) 


ial if we could find a function o(*, y) such that S Be Shhh 
and * = fe, (72) and (73) would become identical ot the 
assumption that < =o. It would therefore follow at once 

: ee 
that the solution of (73) was ¢(x, y) = a, since otherwise a 
would not vanish. 

This, of course, does not really constitute a method for 
solving such equations; for it does not tell us how to find the 
function ¢. It may, however, be made the basis of a method 
of solution, provided two things can be done: first, provided 
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we can invent a method for determining from the equation 
itself whether or not such a function @ exists, and second, 
provided we can invent a method for finding the function if it 
does exist. Actually, both these things can be done, as we 
shall now see. First, however, we must remark that the 
equation (73) is called exact when such a function ¢ exists, so 
that our first object may be restated as a criterion for deter- 
mining whether an equation 1s exact. 

To find such a criterion, suppose (73) were exact. Then, 
by definition, 


Od _ 
Ox att 
ab | 
ay ae 


Differentiating the first of these with respect to y, and the 
second with respect to x, it is seen that 


ap — Afi 
dyax dy” 
CPE ENE 
axdy ax” 


from which it follows ! that, if the equation is exact 


Afi _ Ofe 
ay a yee (74) 


Moreover, the converse of this theorem can also be proved : 
namely, that if (74) is satisfied (73) is exact. Thus it is 
always possible to decide whether or not an equation is exact 
before attempting to solve it. 


, : tae Ore ‘ 
‘There are exceptional functions for which —— is not equal to oe. but these 
ZOLY, 


are of such rare occurrence, particularly in the applied sciences, that they can quite 
properly be ignored in an elementary textbook. 
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To illustrate: consider again the example 
d 
(2 ++ y?) Ss + ll = 0, (71) 


Here fi = 2xy and fo = x? + y?. Hence 


and the equation is exact. 

Having now accomplished our first objective, we turn to 
the matter of finding the function ¢, which we shall find to be 
equally simple. Once an equation is known to be exact the 
relations 


Od _ 

5g a Sib 7) 
and 

0d - 

ay = fa(x, y) 


; 0d. : 
are known to be true. Since se is gotten from ¢ by ordinary 
differentiation, assuming y to be constant, it follows that ¢ may 
; Ce) : é : ‘ 
be obtained from se by ordinary integration, assuming y to be 


constant. Hence 


mye {g iio ree aa (75) 


the element of integration being written dx instead of dx to 
indicate that y is to be considered constant, and the “constant 
of integration” being written a(y) since, so far as partial 
differentiation with respect to « is concerned, any function of 
y only is to be so regarded. 

Integrating the second equation in the same way, we get 


re ip fal y) dy + 6x). (76) 


Upon comparing (75) and (76) two possibilities present 
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themselves: In the first place, iff Ja(x, y) dy may be equal to 

fi(x, y)dx, in which case the two equations will define the 
same function ¢ if and only if a(y) and B(x) are equal, which 
of course requires them both to be constant. 

In the second place, | fi(*, y) 0x may contain a function of x, 
say g(x), which does not appear in {fol y) Oy ; or [fal y) Oy 
may contain a function of y, say A(y), which does not appear in 
Jac y) Ox, or both. In this case, in order that (75) and (76) 


shall be identical it is necessary that B(«) = g(x) and a(y) = 
h(y). In either event the solution of the equation is known to 
be ¢ = C, C being a constant. 
As an example, consider the equation (71) dealt with above. 
Since 
dg 


rye = 2xVy5 


it follows that 


¢ = f 2xy ax + aly) 
= x*y + a(y). 
Also, since 
Ob: ee 
dy pate hc 


ba 
b = xy + es + B(x). 
Comparing these, they are seen to be identical provided 


B(x) =o and aly) = y3/3. Hence ¢ = xy + y3/3 and the 


solution of the equation is 


we 
xy 4. = C. 
: 3 


The same solution was obtained by another method in § 28. 
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As a second example, consider the equation 


sec? x tan y dx + sec? y tan x dy = 0, 


Here 
Si(x, y) = sec? ~ tan y, 
S2(x, y) = sec? y tan x. 
Hence 
0 6) 
= ze ue = sec? x sec? y. 


Integrating as explained above it is found that 
@ = tanx tan y + a(y) 
@ = tanx tan y + B(x). 
Hence a = 8 = C,aconstant, and the solution is ! 


tanxtany +C=0. 


PROBLEMS 
dy 
oa Ea eel 
Boy? == xy — x) " 
9. axty + y? — x? ri = 0. 


guneae by) (acy 4 bx +- o? = ¢g. 


d 
A. ‘sec? # tan yo + sec? y tan* = 0. 


dl v 
a= ml. ~ 
5 t+iz m 
6 I CN ar. 
4 ee a) 2 


7. (ada + bd§) sin (4a + b8) = (bda + 4 dB) cos (ba + af). 


I aT if ; 
————— ) — = (—_ ————_. -¢} -“ 
° (r+ V2 — = dt ( IGE ) 


1The rule is that ¢ must be set equal to a constant. But there is already one 
arbitrary constant C, and another would add nothing in the way of genecality. 
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§ 30. Linear Equations 


If an equation of the first order is linear, it can be thrown 
into the form 


2 + Ale) y = fel. (77) 


Problem 3, § 5, was of this type, and it was found that when 
w= e“y had been substituted for y, it was easily solved. 
This suggests that a solution might be found in the present 
instahce als by substituting in place of y some new variable 
w = yg(x), provided we were to choose the function g(x) 
properly. As the proper choice is not at all obvious, however, 
we shall proceed with the function undetermined, in the hope 
that something may occur to suggest a suitable choice. 
Our substitution w = gy transforms (77) into 


te. (,- 1B) = ts 


If, now, we choose g so that 
aoe 


gadx 


1 


the second term of this equation disappears, and we have at 
once 
w=at] gfodx. 


But obviously the condition which we have placed upon g leads 
to the choice 


naz 
SiS > 


w=a +f ofp dx. 


Changing from w to y, the solution of (77) is found to be 


y = “(a + af ef te adn). (78), 


whence we have 
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This formula (78) should be remembered, since many of the 
equations which can be solved by it can be solved in no other 
way. In order that the various steps in its derivation may be 
perfectly clear, the solution of the equation 


dy a 
te + xy = x, (79) 


will be carried through step by step. Here 
falx) = x, 
falx) = 

Hence the substitution to be made is 


a2 
raz a 
w= ye = yer, 


‘From this it is found that 
d ~= dw 
6S = Hy; 
dx dx 
whence the original equation becomes 


dw 2 

— = xe?, 
dx 

The solution is therefore 


w= e¢*? +a, 
or 


a2 


y=l + ae ?, 


As another example, consider the equation 


ay + ~ = sin x. (80) 
ae 


Here fi = — and f2 = sinx. Hence } fi dx = log x and (78) 


Ore 
o 
y= enhee(a + fem* sin x de) : 


becomes 
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—log z = 


But by the definition of a logarithm, e'** = x ande 


Therefore 
y= “(a + fx sin x ds) ; 


which is easily evaluated. 


aa 


§ 31. Equations Reducible to the Linear Type 


Some equations which are not linear can be made so by an 
appropriate change of variable. Perhaps the most important 
type is 


d 
7 TAM? = Ale)”. 
y™ 


If this equation is divided by it takes the form 


I m 


20 mpgaa mh OD 


A moment’s inspection shows that the first term is the x-deriva- 


: I ‘ 
tive of the quantity ——\, which also occurs in the second term. 


Hence if this is called w, (81) takes the form 
d' 
= + (1 —m) fiw = (1 — m) fr, 


which is linear and easily solved by formula (78). When 
w is replaced by y'” in the result it is found that 


y™ = eile aes ees dx). (82) 


Formula (82) differs from (78) only in that each f is replaced 
by (1 — m)f, and y is replaced by y'~”. 
As an example, consider the equation 


ay nein 
ae = a pS (83) 
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Here m = — 3, and therefore the correct substitution is w = y4. 
Replacing y by this variable it is found that 

dw 4 

Te a w= 4sinx, 
a linear equation of the type (77) in which fA’ = + and 


f2=4sin x. Hence the solution is 


w= y* = (ata f-xtsinx dr), 


which can readily be evaluated. 


PROBLEMS 


I. Solve (79) by separation of variables. 
2. Evaluate the solution of (80). 
3. Evaluate the solution of (83). 

dp _ p+ aée® — 2p0? 


pgp SO(n =) 02) 

pee! flog t = 1) a= taT. 

6. & + y cos = bsin 2x. 
0 


Te oe cos « 2 = y* cos * (I — sin x). 


Solve the differential equation set up in Problem 4, § 20, by the 
Beehiod of § 30. 


§ 32. Equations Solvable for x or for y 


There is one more method of attacking first order equations 
which is worth trying if none of those explained above is suc- 
cessful. That is to solve for one of the variables x or y. 

Suppose the equation is solved for x. It is then in the form 
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x = $(y, y’), where y’ = . Differentiating this, an equation 
88 yy 4 86 dy" 
Oy Y Oy’ dx 
is obtained, which contains only the variables y and y’, and the 
eM RLM One dy’ 
22 ‘—. Th 
derivative oh which may be written y Bs That is, the 


process above has virtually replaced » by a new variable y’, 
It may be possible to solve this equation and obtain a relation 
between y’ and y. If so, the algebraic elimination of y’ between 
this and the original equation gives the desired solution. If 
not, the method has failed. 


As an example, consider the equation (53), which has 
already been solved by other means. This becomes 


= ae ei (84) 
when solved for the variable x. Differentiating and changing 
aye dy’ : 
oe into y’ iy the new differential equation 

—0y Oy or nay 
is obtained, the solution of which is obviously 
BO Maal Barc eae: (85) 
By solving (84) for y’, it is found that 
y =—-1T+tVI—x, 
and upon substituting this in (85) the final solution 
ytat(s43Vi—*)@ =e es 2V Tae 
is obtained. 


In spite of its complicated appearance this equation is 
really identical with the solution obtained in § 21, and can be 
reduced to the same form as (55), except for a difference in the 
values of a in the two equations, which is immaterial. 

A similar method of attack rests upon solving the original 
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equation for y, thus reducing it to the form y = o(y’, x). 
Differentiating this with respect to x leads to 


bere Dae 
OF Ah Ox 
which contains only y’, « and , and is therefore a first order 


differential equation in y’. It may be possible to solve this 
for a relation between y’ and x, and if so y’ may be eliminated 
from the original equation by means of this relation. 

As an example, consider the equation 


dy 


ape OL Re (87) 
which, when solved for y gives 
/ 
sete 
Differentiating, 
fe ER 
ree 
or 
' Sey 
a cea at ax. 
y x 


The solution of this equation is 
y= axe ° 
Eliminating y’ between this and the original equation the solu- 
tion is found to be 
ys Vo Cha 
The same solution was gotten in § 30, except for the sign of o, 
which is immaterial since @ is arbitrary. 

Both of the examples used in this section are easily solved 
by other means. The following examples, on the contrary, 
though not difficult when dealt with by the present method, 
would be very troublesome without it, 
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The equation 
xy’? + y? = y(t + oxy), (88) 
may easily be solved for y, giving 
y = xy’ + Vy’. 


Differentiation gives 


je) eee 1 dy’ 
y ” dx 12 es 
or ! 
dy’ 
Bey 


The solution of this equation is y’ = a, by means of which the 
general solution of (88) is obtained in the form 


OP? =p 92 =a aany, 


As a second example, consider the equation 
pace, Oo haa )e: (89) 


If this is solved for x, there results 


es Vy’. 
Differentiation gives 
I dy’ 
2V y' dx? 


Mes dy’ 
2(1 sah Vy" 


T=—y + 


or 


‘In searching for the general solution of a differential equation, factors which do 
not involve derivatives can be neglected in the same way that constants are eae 


ly’ 
in solving algebraic equations. On this basis, the factor x -+ ———, by which S18 
multiplied, may be discarded. ae 

The appearance of such algebraic factors is, however, an indication of the existence 
of “singular solutions” ; that is, solutions of the differential equation which are not 
special cases of the general solution. These will be discussed in Chapter V. 
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The solution of this is easily found to be 

y’ = tan? (« + a). 
Hence the general solution of (89) is 


(x + y)? = tan? (v + a). 


PROBLEMS 
1. Reduce (86) to the form (55). 


dh \? ap\? _ 2 
5: (3) lee cae 


A lle Eo 
- oF 
if ay faa Te 


dy ; , 
: =x—-—-+ ¢(—), wh w ver. 
6. y=x o( ) ere ¢ is any function whatsoever 


Dei) (2) =1. 


8. Solve (89) by substituting w = + + yin place of y. 


§ 33. Second Order Equations Reducible to First Order Equations 


Many equations which appear to be of higher order than 
the first become first order equations when y’ is written in 


place of =~. For instance, the equation derived in Problem 5, 
2 
§ 20, is of the form F(, =) = ©,, Jn terms:of +, this 


/ 
becomes P(y, om = 0, which is a first order equation the 
solution of which may easily be found. The result is, of course, 
a new equation connecting y’, y and x; and this itself is a first 


order differential equation. 
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There are three types of second order differential equations 
to which this method is applicable. They are, (2) those which 
do not contain y; (4) those which do not contain x; and 
(c) those which contain neither x nor y. Of course (c) is a 
special case of either (a) or (4). 


2y 
An equation of type (a2) is of the form F (2 zs r) = 0, 


Ge ae 

which becomes F’ o x) = 0, a first order equation in y’. 
yaaa. 

An Sey ielete of type (4) is of the form Aer. wy) =O; 


or r(e ,¥’,y} = 0, from which the x disappears completely 


when ome is replaced by ieee ae . It then takes the form of a 


dx 
first order equation in et the dependent and independent 
variables are y’ and y, respectively. 
To illustrate this latter type, consider the equation 


ee Oe (90) 
which may be written 
Sat 2) yan: 
This is a homogeneous equation, and therefore y’ is to be 
replaced by w = This gives 
w dw dy 


@+m ty 7% 
the solution of which is 
log (w + 1) + —— ee + logy = a. 


; a asia ee 
If w is replaced by 2 in this equation, a new first order 


equation results, the solution of which is the desired relation 
between x and y. Unfortunately, the equation is not in a form 
which is amenable to the methods used above. If, however, 
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we are sufficiently acute to notice that w is the x-derivative of 
log y, the substitution of a new independent variable v = log y 
appears to be worth trying. This gives 


dv I 
tae laa fo (91) 
ax 


which is solvable for v. Solving and differentiating, after the 
fashion of § 32, it is found that 


dv’ 
pagal Ss 1 y/)2 
ax Sones 


The solution of this is 


otis 


I 
B+ x 
Substituting this in (91), we get 
— log (68 + *) +48 4 *) +o =a, 
or, remembering that v = log y, 
Pos a peaaie. 
us 


If we replace a and 6 by two new constants a’ = B e** and 
g’ = e*-*, we can obtain the somewhat simpler form 


y= (oli+ Bxle™: 
It can easily be verified that this is the solution of the given 


equation. The method used in obtaining it, however, is much 
more complicated than need be, as we shall see in § 62. 


GENERAL PROBLEMS 
1. Solve equation (22). 
2. Solve equation (39). 
3. Solve equation (41). 


4. Solve equation (50), assuming that v = 0, that the cathode 
is at x = 0, and that both the potential and the potential gradient 
are zero at the cathode. 
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s. Find the general solution of equation (0). 


6. A sound wave is moving in the direction x. It is known that 
this disturbance is periodic in time, and does not vary with y or z, 
so that the velocity potential must take the form 


@ = f(x) sin pt. 
Find the form of the function f(x). (Refer to Example 5, § 19.) 
7. Solve the equation derived in Problem §, § 20. 


8. Solve (68) and (69). Verify the fact that the substitution, 
by means of which the latter was obtained from the former, does 
make these solutions identical. 


g. Solve the differential equations : 
(42) —+— = 3v. 
(6) Vi — u? do = 2uvi — v? du. 


(¢) PE xy 


10. Solve the following differential equations : 


(a) a + 2uv = 2n. 
du 


(4) (1+ 0?)du+ (1+ w?)vdv =0. 


(c) w log u + sin? y = x; 


11. Solve the differential equation found in Problem 9, § 20. 
12. Solve the differential equation set up in Problem ro, § 20. 


13. Solve the equation set up in Problem 11, § 20, assuming that 
at the time ¢ = o the velocity was zero. 


CHAPTER V 
SINGULAR SOLUTIONS 


§ 34. Definition of Singular Solutions 


A differential equation sometimes has solutions which are 
not special cases of the general solution. How these come to 
exist can most easily be explained by a reference to the geomet- 
rical interpretation given in Chapter II. According to that 
interpretation, every particular solution corresponds to a curve, 
and the general solution corresponds to the family of curves 
taken as a whole. 

To say that one of these curves satisfies the differential 
equation is only to say that its slope at every point, together 
with the coordinates of the point, satisfy the equation. If the 
family of curves possesses an envelope, all these quantities — 
slope and coordinates — are the same for a point of the envel- 
ope as for the curve to which it is tangent at that point. 
Hence the envelope also satisfies the differential equation. As 
the envelope is not in general one of the curves of the family, 
it cannot be obtained by assigning a particular value to the 
constant of integration. It therefore represents a solution 
that is not included in the general solution at all, and is called 
a singular solution. 

These singular solutions can often be found without solving 
the differential equation itself: geometrically this is equivalent 
to saying that the envelope of the family of curves can often be 
found directly from its differential equation, without knowing 
the individual curves of the family. 

In discussing envelopes i in § 5, attention was called to the 
fact that they never exist unless more than one curve of the 
family pass through each point. But if several curves — say 
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n of them — pass through a point, each with its own appropriate 
slope, there must be x” values of y’ corresponding to each pair 
of values of x and y. In other words the differential equation 


$(x, y, 9’) = 9, (92) 


when solved for y’, must have 7 roots. This is true for any 
pair of values x and y. However, if the point (x, y) happens 
to be on the envelope of the family, one of the curves which 
pass through it must be counted twice, as has already been 
noted in § 5. Hence the value of y’ which corresponds to this 
curve must appear twice as a solution of (92). The envelope 
of a family of curves is therefore a curve along which the dif- 
ferential equation of the family has equal y’’s, as well as a 
curve along which its algebraic equation has equal c’s. In 
the discussion of § 5 it was shown that the latter locus can be 
found by eliminating c between the equations 


fe; c) = 0, 


of 
ryan) 


The same argument also proves that the locus of equal y’’s can 
be found by eliminating y’ between the equations 


p(x, ds y’) = ot) 


86 _ 
oy 


The result of this elimination is an equation involving x 
and y only: it is not a differential equation, and it is obtained 
without any knowledge of the general solution of (92). That 
its graph includes the envelope of the family of curves defined 
by the differential equation is evident from what has already 
been said. But it may include other curves as well, as we shall 
see in § 35. First, however, let us illustrate the part of the 
theory which we have already covered. 
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Consider the differential equation 


(ie) + (Zi) =» (3) 


the general solution of which may be found by the method of 
§ 32 to be 


Wai aw (94) 


This equation is linear: hence the general solution is repre- 
sented by a family of 
straight lines. These are 
shown in Fig. 24. A 
glance at the figure shows 
that the lines possess an 
envelope C, the equation 
of which can be found by 
either of two methods : 

First, by using the 
method of § 5, which re- Fic. 24. 
quires that (94) be dif- 
ferentiated with respect to c, and then eliminated. Differen- 
tiation gives x + 2c = 0, which, when substituted in (94) 
leads to y = —x?/4 as the equation of the envelope. 

Second, by using the method of the present section, which 
requires that (93) be differentiated with respect to y’, and y’ 
then eliminated. This also leads to the same result y = — x?/4. 

The second of these methods could have been applied even 
if we had not known the solution of our differential equation. 


§ 35. Cuspidal Locus and Tac Locus 


As in § 5, so here also the locus of equal y’’s contains other 
curves than the envelope. Usually, however, they do not 
represent solutions of the differential equation of the family. 

If the curves which comprise the family have cusps, as in 
Fig. 4, the two branches which meet at the cusp have identical 
slopes. Hence if x and y happen to be the coordinates of a 
cusp, this slope will appear twice when (92) is solved for y’. 
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The locus of these cusps is therefore included in the locus of 
equal y’”’s, just as it was in the locus of equal c’s. 

It is easy to see from Fig. 4 why this cuspidal locus is not a 
solution of the differential equation, for the slope of the cus- 
pidal locus is not generally the same as that of any of the 
family of curves passing through the point: hence, it does 
not satisfy the differential equation (x, y, y’) = 0, as it would 
do if it were a solution. 

If the curves present such an appearance as that shown in 
Fig. 8, two equal values of y’ occur at every point on the line 
AB at which the various curves are tangent to one another, 
one for each of the curves which are tangent at the point in 
question. Hence 4B is also part of the locus of equal y’s. 
Like the cuspidal locus, however, it is not usually a solution 
of the differential equation, for the slope of 4B itself is not in 
general the same as the slope of any of the curves. In the case 
of the circles, for example, their differential equation obviously 
requires that y’ be infinite at these points, whereas the slope 
of 4B is zero. 

Such a line, at which curves touch, is called a tac locus. 

The xodal locus, which was part of the locus of equal c’s, 
is not part of the locus of equal y”s; for the two branches of 
the curve which cross at the double-point generally have dif- 
ferent slopes, as in Fig. 4. Neither is it a solution of the differ- 
ential equation, since the slope of the nodal locus is generally 
different from that of either branch. __ 

To sum up, we have found that the locus of equal c’s may 
consist of three types of curves: the envelope, the cuspidal 
locus and the nodal locus. The locus of equal y’”s may also 
consist of three types of curves, the envelope, the cuspidal locus 
and the tac locus. Of these, only the envelope represents a 
singular solution of the differential equation. 


§ 36. Determination of Singular Solutions 


In view of the foregoing considerations it is a simple matter 
to obtain the singular solution of a differential equation, if it 
possesses any. To accomplish this, it is only necessary to find 
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the locus of equal c’s (if the general solution is known) or of 
equal y’’s (if it is not), and then to determine by direct substitu- 
tion which factors in the equations of these loci satisfy the 
differential equation and which do not. 

For example, consider again the family of circles shown in 
Fig. 8, the equation of which is 


(w—c)?+y—re=o, (18) 
It has already been shown in § 5, that the locus of equal c’s 
is composed of the straight lines y = r and y =— 1, which 


constitute the envelope. It has also been found in Problem 6, 
§ 20, that the family (18) is also defined by the differential 
equation 

Dee al ee hi C- (95) 


By direct substitution, the functions y = r and y =— r are 
shown to satisfy this equation: they are therefore singular 
solutions. 

Suppose, however, that we were given the equation (95) 
and did not know its general solution (18). It would still be 
possible to determine its singular solutions directly from the 
differential equation itself. For upon differentiating (95) with 
respect to y’, we would obtain 


ay2y’ = Oo, (96) 


which is satisfied by either y’ =o or y =o. Substituting 
y’ =o in (95), we obtain y =r and y =—,r, which have 
already been seen to be singular solutions. The other function, 
y = 0, is not, since it does not satisfy the differential equation. 
It must, therefore, be either a cuspidal locus or a tac locus. It 
is, in fact, the line 4B of Fig. 8, which is obviously a tac locus. 

It should be noticed that y = 0 could only be a solution of 
(95) if y’ were infinite. In other words, ifa curve is to be a solu- 
tion of (95) it must have an infinite slope wherever it intersects 
the line y = 0. That the circles have such a slope has already 
been noted above. It is exactly because the line y = o does 
not have this slope that it is not a singular solution. 
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As a second example, consider the family of curves shown 
in Fig. 6, the equation of which 1s 


(y —c)2 — (* + ¢)® =0. 


It has been shown in Problem 7, § 20, that the differential 
equation of the family is 

fry? +$y? —y—x =0. (97) 
Differentiation with respect to y’ gives 

yy eles) ate) 

the roots of which are y’ =o and y’ =—1. Substituting 
these values in (97) gives us the loci y+*=o0 and 
y +x — o = 0, respectively. 

By direct substitution it is found that the function y = — x 
is not a solution of (97). It is therefore either a cuspidal or 
tac locus. The function y =— x + % on the other hand 
does satisfy (97). It is therefore a singular solution and its 
graph is the envelope of the curves. As y =— x was also 
found in § 5 as a part of the locus of equal c’s, it is evident 


that it is a cuspidal locus, as indeed Fig. 6 shows it to be. 
Finally, in the case of the family of curves 


y? = (a — CG ae), (17) 


the differential equation has been found in Problem 8, § 20, 
to be 


ayy’? — an®y’? + axyy! + x8 = 16y?, (98) 
and the locus of equal y’’s is easily found to be 
C2792 — 28° CLOW — ne) aa 
As the locus of equal c’s has already been found to be 
y?(279? — 2x8) = 0, 
it follows that the line y = 0 and the semi-cubical parabola 
16y? = x? along which occur equal ¢’s and equal ys, respec- 


tively, constitute the nodal locus and the tac locus. The semi- 
cubical parabola, 27y? = 2x3, which is common to both, is 
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either an envelope or a cuspidal locus. By substitution it is 
found to satisfy the differential equation. The equation is 
therefore a singular solution, and its locus is an envelope of 
the curves (17). All these loci are shown in Fig. 7. 


PROBLEMS 


1. Obtain the locus of equal y’’s for (98). 


2. The equation 
p [1 — cos (6 — @)| =1 


defines a family of parabolas in polar coordinates. Prove that the 
method of procedure developed in § § is valid in dealing with polar 
curves as well as Cartesian curves. Then find the envelope of the 
family. 


3. Find a differential equation for the family of Problem 2. Find 
the envelope from this differential equation. 


CHAPTER VI 
PractTicaAL APPLICATIONS OF DIFFERENTIAL EQUATIONS 


§ 37. Introduction 


In discussing the origin of differential equations in Chapter 
III several scientific problems were mentioned, the mathe- 
matical formulation of which led at once to differential equa- 
tions. No attempt was made to solve these equations, how- 
ever, as methods of solution had not then been derived. From 
time to time in Chapter IV these equations were again referred 
to and solutions were obtained for such cases as were within 
the power of the methods there considered. It is the purpose 
of the present chapter to introduce a number of additional 
problems of this type and to show how their solutions may 
easily be obtained by the theory of differential equations. 

For the most part the examples chosen are extremely sim- 
ple, both because the consideration of half a dozen simple 
examples is frequently of more value to the student than the 
solution of one hard problem, and also because the more 
difficult problems, if they are to be of any practical significance, 
require the explanation of so much geometry, mechanics, or 
electricity as to consume a large amount of time that had 
better be devoted to mathematical ideas. The principal aim 
has been to make the problems as varied as possible, and thus 
to give a proper perspective of the breadth of the field of 
application of differential equations. 


§ 38. Dissipation of Heat in a Wire 


Three fundamental laws in the theory of heat conduction 
were stated in § 18. For the purpose of the present example a 
fourth is required. It is: 


100 
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(iv) A hot body surrounded by such a medium as air loses heat 
at a rate proportional to the difference in temperature between 
the two media. 


The laws (1), (it) and (iii) of § 18 are exact physical laws. 
That is, they are obeyed to a high degree of accuracy within 
very wide limits. On the other hand (iv) is only a rough 
approximation under any circumstances, and ceases to deserve 
even that rating when the difference in temperature between 
the body and the medium surrounding it is very great. Never- 
theless, it is frequently used in the mathematical treatment of 
heat problems for two reasons: first, because the true law is 
known only in the form of empirical data; second, because 
the use of such data gives rise to differential equations of 
extreme difficulty, whereas (iv) leads to problems that can 
readily be solved. As long as the temperature differences 
amount to only a few degrees Centigrade — as in most cases of 
thermometry for example — the results obtained by the simple 
law are sufficiently accurate for most practical purposes. The 
following problems are supposed to be of this type. 

Consider a very long wire, one end of which is maintained 
at constant temperature 0 while the rest of it is immersed in 
air at the temperature o. Obviously the wire will tend to 
transfer its heat to the air and therefore to cool down. As it 
cools, heat will flow from the hotter to the cooler portions of 
the wire. Therefore, saying that the one end is maintained 
at a constant temperature implies that heat is being con- 
tinually supplied at this end to make good the losses to the air. 

No matter what the temperature distribution may orig- 
inally have been it will ultimately settle down to a permanent 
state. Thereafter each point will have its own particular tem- 
perature which no longer varies with time. The problem to 
be solved is that of finding this “stationary temperature” at 
each point of the wire. 

Denote by x the distance of any point from the hot end of 
the wire and by @ its temperature. Then the entire differential 
element between x and x + dx will be at substantially this same 
temperature @. It must, therefore, lose per unit time the 
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quantity of heat g@ dd, dd being the area exposed to the air, 
and g the constant of proportionality in law (iv). 
ee : 
Also due to the temperature gradient Te 3t the point x, an 


CAL] i pena : 
amount of heat — ka dt —| is gained by conduction across its 


dels 
hotter end, a being the cross-sectional area of the wire. Simi- 


: do 
larly the amount lost across its cooler end is — ka dt— ; 
AX | 5+ az 


Since the temperature is stationary — that is, since it does not 
change with time — the gains must equal the losses, thus giving 
the equation 


dé d6 
a el pveit = 9 rf. 
ka dt ele ka at ie + gO(x) dAd (99) 
As dx is to be infinitesimal, 
ao A) a6 
dic\ ceeds a ae 


Also dd is equal to the circumference of the wire, C, multiplied 
by the length of the element dx. Substituting these values in 
(99) and making a few simple cancellations it reduces to the 
form 


eae =a Pi OneetO, (100) 


where p? has been written for the constant gC/ka. 
This equation is easily solved by the method explained in 
§ 33, and leads to the result 


O(~) = a et”? + ape”, (101) 


a and az being the arbitrary constants of integration. 

This is the general solution of the differential equation (100). 
The answer to our problem, however, is not a general solution 
Ne ae 


‘Chapter VII contains methods better adapted for the solution of (100) than is 
the method of § 33; but since neither solution is difficult, we need not anticipate the 
more powerful method in this place. 
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but a particular one; for there is nothing arbitrary about a 
physical wire one end of which is maintained at a definite 
temperature, and there can therefore be nothing arbitrary in 
the mathematical description of its temperature. We must, 
then, seek for the boundary conditions. 

One boundary condition is obvious ; it is that @ must equal 
60 when x iso. The other condition concerns the state of the 
wire at large distances from the hot end. In the physical 
state of affairs it is obvious that this must have much the same 
temperature as the air surrounding it, which means that 6 
must approach zero for large values of x. 

By inspecting (101) it is seen that the term with the negative 
exponent approaches zero no matter what a2 may be, while the 
other approaches co unless a, is zero. Hence the physical 
requirements can only be satisfied by making ay zero. 

This fact having been established az is easily determined, 
the final solution being 6(x) = 0 e~” 


§ 39. Flow of Heat in a Sphere 


As a second example, consider the problem of the stationary 
state of temperature within the walls of a spherical shell 
immersed in a constant temperature bath and containing at its 
center a source (such as an electric heating element) which 
liberates a constant amount of heat per unit time. It is obvious 
from the symmetry of the problem that all points equally dis- 
tant from the center will have like temperatures; that is, 0 is 
a function of r only. 

Consider the element of volume contained between two 
imaginary concentric spheres the radii of which are r and 
r+ dr. Across the inner one the heat will flow into the element 
at the rate — 4m7r°a e. Across the outer one heat will flow 
outward at a rate given by exactly the same formula, except 
that r? and . must now be given the values corresponding to 


the outer surface. The former of these is obviously (r + dr)?, 
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which is approximately equal to r? + 2r dr if dr is sufficiently 
small. The latter is 
d0 
dr 


d?0 


- dr? 


_ dé 


= — dr. 
r+ dr dr 


r 


As no heat is generated within the element of volume the 
temperature can only be constant provided the amount flowing 
in across one face balances the amount flowing out across the 
other. Equating these two quantities, making certain obvious 
cancellations, and dropping the terms that involve (dr)?, the dif- 
ferential equation 


is obtained, the general solution of which is 
i= — = et: (102) 


The next step in the problem is to determine a and so that 
(102) may satisfy the specific physical conditions laid down in 
the problem: first, that heat is generated at a constant rate, 
which may be called S units per second ; second, that the outer 
surface of the sphere is maintained at a constant temperature, 
which may be called o. 

Obviously, if the temperature is stationary the rate at which 
heat is generated must equal the rate.at which it is passed 
outward through any spherical shell. This latter has already 
been found to be — 477°a o. By differentiating (102) this 
is found to be — 4raa. Hence a must satisfy the equation 
— 4maa = 8S. 

At the outer surface of the sphere, where r = R, the tem- 


perature is zero. By substituting these values in (102), 6 is 
found to be a/R. 
Therefore the final solution of the problem is 


renee d Fata 
eae R) 
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It is interesting to note that the inner radius of the spherical 
shell does not appear in the solution of this problem. That is, 
the temperature distribution within a thin shell will be just the 
same as that within the corresponding part of a thicker one. 
This is not unreasonable, however, for the temperature gradient 
at similar points of either must be just sufficient to pass the heat 
outward as fast as it is generated. Hence, if the outside 
temperature is the same in both, it follows at once that the 
temperature at a given distance from the center must be the 
same in each. . 


PROBLEMS 


1. A power cable, consisting of a metallic conductor five millimeters 
in diameter surrounded by a sheath of insulating material three 
millimeters thick, lies at the bottom of a bay where the temperature 
is substantially constant and equal to 4° C. Due to the electrical 
resistance of the conductor heat is generated in this cable at the rate 
of S units per centimeter per second. What is the temperature of 
the inner surface of the sheath? 


2. An iron pipe of external radius Io centimeters carries steam at 
a temperature of 105° C. A considerable length of it is imbedded in 
a cylinder of concrete the radius of which is 60 cm. The tempera- 
ture of the medium surrounding the concrete wall may be taken to 
be 20° C. What is the temperature of a point of the concrete 20 
centimeters away from the wall of the pipe? 


(The thermal conductivity of iron is so high compared to that of concrete 
that the pipe may be regarded as being at the same temperature as the steam 
which it contains.) 


3. Two long wires, one somewhat thicker than the other, have 
one end maintained at the temperature %. Both are formed of the 
same material, and both lose heat to the surrounding air in accordance 
with law (iv). At unit distance from the hot end, which is the 


warmer? 


4. A wire of length / has one end at temperature 4 and the other 
at temperature 6;. It loses heat to the surrounding air in accordance 
with law (iv). How much heat does it dissipate per unit time? 


s. A wire of length / has one end at temperature 6 and loses heat 
in accordance with law (iv) both from its cylindrical surface, and 
from the other end. What is the temperature of this other end? 
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§ 40. Curve of Constant Curvature 


As the next illustration, let us take the simple geometric 
problem of determining the equation of a curve the curvature 
of which is the same at every point. It will be remembered 
that “curvature” is the rate at which the tangent to the curve 
rotates as the point of tangency moves along the curve. It is 
defined by the formula 


vt 


k= G+yy”? (103) 


y’ and y”’ being derivatives of y with respect tox. The problem 
is therefore to solve the differential equation (103) upon the 
assumption that x is a known constant. 


Since y”” = oy (103) integrates immediately into 
Kx = hee si pee 
Mita 
Solving this for y’, it is found that 
ee KX — @ 
: Vi — (Ke — a)?? 


the integral of which is 


ae 
yao Vi = (or = a +8, 
or 


(ky — B)? + (kw — a)? = 1. (104) 


This is immediately recognized as the equation of a circle 
ofradius 1/x, the center of which is located at the arbitrary point 


a B é ‘ m4 
ey There is no necessity for determining the values of 


a and £, since the problem happens to be one in which the 
general solution is the thing desired, 
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§ 41. Trajectories 


The next problem is likewise taken from the field of geom- 
etry. Chapter III discussed at some length the idea of one 
parameter families of curves; that is, families the various 
members of which were all defined by assigning different values 
to an arbitrary constant in a single equation. The heavy 
curves of Fig. 25 constitute such a family. The dotted curve 
possesses the peculiar property of intersecting every curve of 
the family at exactly the same angle. That is, if tangents are 
drawn to the dotted curve and one of the curves of the family 
at their point of intersection, these tangents include the same 
angle, no matter which curve of the family may have been 
chosen. Any curve possessing this particular property is called 
a trajectory of the family of curves. 

There may be more than one such trajectory, and if so, they 
too constitute a family of curves. The problem of the present 
section is to determine this family of trajectories. 

For this purpose it is first necessary to know the differential 
equation of the curves. How 
this is to be found, when the 
family of curves is defined by 
means of an algebraic equation, 
was explained in Chapter III. 
Suppose, then, that the dif- 
ferential equation of the curves 
of Fig. 25 has been found to be 
f(x, y, y') = 0. Through the 
point (x, y) passes a curve of the 
family. The direction angle 6 Fic. 25. 
of its tangent at this point is 
given by the law tané@ = y’. If a trajectory passes through 
the same point (x, y) its tangent must have a direction angle 
6+ a, and therefore the slope of the trajectory must be 
tan (6 + a). 

In order to avoid confusion, capital letters will be used for 
quantities referring to the trajectory, so that Y’ is its slope at 
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the point (X, Y). In particular, at the point under considera- 
tion, these values must be 


A =, 
Y=y, 
Y’ = tan (@ + a) 


tan @+ tana 
I — tan @tana 


y’ + tana 


I— y’ tana’ 


When solved, these equations give 


Ee 
y= 
IO 
Y’ —tane (105) 


/ 


m4 PMY ane 


Wherever a trajectory and a curve of the family cross, these 
relations hold. But the x, y and y’ of every such point satisfy 
the equation (105). Hence it must be true that 


Ie 


ee s 1+ Y’ tana 


(106) 


This, however, is a differential equation in the capital letters: 
that is, it is the differential equation which the trajectories must 
satisfy. 

As the simplest possible example, consider a family of 
straight lines parallel to the x-axis. The ordinary equation of 
such a family is y = c, and its differential equation y’ = o. 
But if y’ is zero, Y’ must equal tan a, as may be seen from 
(105). Thus the differential equation of the trajectories is 
Y’ = tana, and its solution Y= Xtana+C. This is the 
equation of a family of straight lines all of which have the 
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same slope tana. They obviously satisfy the required con- 
dition. 

As a somewhat more difficult example, let us seek to find a 
set of curves which cross 
the family of circles 


(x att alk a 5 aa c 


shown in Fig. 26, at right 
angles. The differential 
equation of this family 
may readily be found to 
be 


A Oxy. =O, 


The family of curves 
crossing these circles at 
right angles must there- 
fore satisfy the differen- nee 
tial equation 


maT as 
Yy? — X ety Os 


or 
Pies aXY 


This is a homogeneous equation the solution of which is 
X? + Y? — 2kY =0. 


It represents a family of circles all of which pass through the 
origin and have their centers on the y-axis. 

That any such circle crosses the circles of the original 
family at right angles can be verified from the simple geomet- 
rical fact that a line CT drawn tangent to amy circle of the 
family from a point C on the Y-axis is equal in length to CO. 
Hence all such tangents are equal in length and may be radi 
of the same circle. 

As a final example of this sort consider a pencil of straight 
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lines through the origin, the algebraic equation of which is 
y = cx, and its differential equation 


The differential equation of trajectories crossing it at an angle 
a is therefore 


. A tania sale 
~~ X—Ytana’ 
Hence the trajectories are 


yt 


tan = = * log (X*4+ Y*%) +C. 


This equation appears rather complicated when written 
in Cartesian coordinates. 
However, if polar co- 
ordinates are used, the 
relations 


pe = xX? + Y’, 
6 = tan 


reduce it at once to 
6= tanalogr+C. 


These curves are called 
logarithmic spirals. One 
is shown in Fig. 27. Their 
most noteworthy proper- 
ty is that used in deriving 
their equations : namely, the property of crossing every radial 
line in the polar coordinate system at exactly the same angle a. 


Fic. 27. — Tue Locarirumic Spirat. 


PROBLEMS 


1. Find the equation of the trajectories crossing the polar circles 
x? + y? = c? at the constant angle a. 


2. If the angle ais a right angle, the trajectories are called “orthog- 
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onal.” Find the orthogonal trajectories of the family of circles 
x2 + 7 as Cc. 


(Since polar circles and radii cross each other at right angles any trajectory 
of one set should likewise be a trajectory of the other, but the angles of 
intersection should be complementary.) 


3. Find the trajectories of the family of parabolas y? = cx. 


4. Find the equation of a curve the curvature of which is inversely 
proportional to the square of its distance from the y-axis. 


5. The sine curves y = ¢ sin are rotated about the x-axis, thus 
generating a family of surfaces resembling strings of sausages. Find 
the equation of a set of surfaces normal to these. 


§ 42. Freely Falling Body 


It is a fundamental law of mechanics that the acceleration 
of a body is proportional to the force acting on it, acceleration 
being by definition the time rate of change of velocity. It is 
also a fundamental law of mechanics that the attraction 
exerted by one body upon another is inversely proportional to 
the square of the distance between them. These two laws are 
sufficient to determine the motion of a meteor falling upon the 
sun from a great distance. 

Assume that at the instant ¢ = o the meteor is at rest, that 
it is not impeded in its progress by frictional forces such as 
would be brought into play by falling through the earth’s 
atmosphere, and that the sun is also at rest. Let the x-axis 
be the line joining the center of the meteor to the center of the 


sun, with the sun at x = o and the meteor originally at x =_X. 
: : Se Ls ees 
At any instant its velocity is a and its acceleration a 


Hence the laws stated above give the differential equation 
iby k 
ae = aa (107) 


As the acceleration is toward the sun, it tends to decrease 
x. This is why the negative sign is used. 
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The solution of (107) is found by the method of § 33. The 


velocity x’ turns out to be 

12 k 

x 

—=C+-. 

2 ‘ 
As the conditions of the problem require this velocity to be 
zero at the instant ¢ = o, when the meteor is X units from the 
sun, it is convenient to determine the arbitrary constant of the 
first integration before proceeding to the second. It is found 


to be — k/X. Hence, 


ae a) 
x ak (* x): 


The solution of this equation which satisfies the condition 
that x = X when ¢ = ols 


VoRX t=XVxX — 2 4+ X? cost]. 


This equation gives directly the time at which the meteor 
passes a given point. It cannot easily be solved for the position 
x as a function of ¢. 

The law usually given for a freely falling body is an approx- 
imation to (108) based upon the assumption that the body falls 
a distance which is short compared to the radius of the sun. 
To derive it, suppose the meteor falls to the surface of the sun 
from a height 4 above. Then x must be interpreted as the 
radius of the sun, and X asx + 4. Then, if 2 is small com- 


pared to x, 
x 
COS “Nie ICoses 
ne 


Me 
x b 

this result being merely the first significant term in the Taylor’s 

Also, 


(108) 


els 


series for cos—! 


x1 a> 


Meg 
VK«KX — x2 = ViAx 
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and 
V2aRX = V2kx. 
Using these in (108) it becomes 
eee 
 Ox2? 


or, since k and x are both constant, 
h = ct, 


This law is valid so long as / is not large in comparison 
with the dimensions of the body upon which the meteor falls. 
In the case of weights let fall under the gravitational field of 
the earth it is always satisfactory, because the distance through 
which they fall is never more than a small fraction of the radius 
of the earth. It may be obtained more simply by assuming at 
the outset that the gravitational force does not vary appre- 


ciably throughout the fall. 


§ 43. Bending of a Beam 


If a beam is fixed rigidly at one end while a weight is sus- 
pended from the other, as shown in Fig. 28, the beam will bend 


Zs 


LZ = —___ 


\ 


\ 


Fic. 28.—StTresses IN A Bent BEAM. 


until the restoring forces exerted by the strained fibres of the 
beam are just sufficient to support the weight W. The sim- 
plest way to find the differential equation of the bent beam is 
to imagine the beam cut at an arbitrary point along its length 
and think of the forces which would have to be applied to hold 


114 ELEMENTARY DIFFERENTIAL EQUATIONS 


it in exactly the same position as it occupied before being cut. 
It is obvious, of course, that these or equivalent forces must be 
exerted by the particular fibres of the beam which are imagined 
to be cut. 

Suppose such a cut were made at the point P which is 
located ~ units in a horizontal direction from the free end of 
the beam.! To support the cut portion by means of forces 
applied where the cut is made — and of course the cut fibres can 
exert forces nowhere else— requires some such arrangement as 
that shown in the figure.? 

It is obvious, therefore, that 

(1) the supported weight VY exerts a force vertically down- 
ward ; 


(2) the stretched fibres in the top half of the beam exert a 
force P in the direction of the tangent to the beam at P; 


(3) the compressed fibres in the lower part of the beam 
exert a force P2 which is likewise parallel to the tangent at P, but 
is oppositely directed to Pi; 


(4) since these three forces alone could not possibly prevent 
the cut portion of the beam from falling, the fibres must also 
exert a fourth force vertically upward through the point P. 


Next it must be noted that forces (2) and (3) must be of like 
magnitude. Otherwise there would be a resultant force in the 
x-direction and the cut portion would move endwise. Sim- 
ilarly, forces (1) and (4) must be equal, or the cut portion 
would move up or down. Each pair is therefore a “couple” 
tending only to rotate the beam. The pair (1) and (4) is called 
the “applied couple”’ and the other the “restoring couple.” 
Since the cut portion of the beam is in equilibrium under these 
two couples they must have equal moments 3 — this is a funda- 


‘ This is not the same thing as x units measured along the length of the beam, for 
due to deflection the beam is no longer horizontal. 

* The rope and pulley arrangement prevents the left end of the cut portion from 
falling. It would not prevent the right end from falling, however. The chain and 
small roller accomplish this by pushing on the lower fibres and pu/ling on the upper ones. 

’The moment of a force about a line is defined as the product of the magnitude 


of the force by the least distance between the line of action of the force and the line 
about which the moment is taken. In the problem considered above the line may 
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mental law of mechanics. As the moment of the applied 
couple is Vx, the restoring couple must also have this moment. 

A law must now be taken from the theory of beams. It is, 
that the moment of the couple P:P2 is proportional to the 
curvature of the beam at the point P. Put in symbolic form, 


this becomes 
yr 


a. 
——-—__, = Wx, 
Csr : 


which integrates at once into 


in which C and C” are the constants of integration. 

From the classroom standpoint this is a satisfactory solu- 
tion of the differential equation, for it gives y directly as a 
function of x. From a practical standpoint it is not so good, 
for the integral term cannot be evaluated in terms of the 
elementary functions. In practice this difficulty is avoided 
by making a common-sense observation regarding the quan- 
tities that occur in the differential equation itself. Structural 
beams are obviously never loaded heavily enough to bend them 


much. Therefore S is exceedingly small -— so small in fact 
that the term y” in the denominator may beneglected. The 


differential equation therefore becomes 


; Eee 
and its solution 


Wx 
Vip Crt CO 


be regarded as a line perpendicular to the plane of the paper through the point P. 
Then the moment of the force W about this line is Wx, and the moment of the vertical 
restoring force W’ is zero, because the line of action of this force passes through the 
point P. The “moment of the couple” is the sum of the moments of the individual 
forces, and is therefore simply Wx. It will be found to be the same about any parallel 
line. 
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This solution is simple, and accurate enough to be satis- 
factory for many engineering purposes. It is exceedingly 
accurate when applied to structural members, for example. 
There are other branches of technology, however, in which 
beams occur for which the simple formula is not accurate. A 
watch spring, for example, is practically a bent beam, and it 1s 
certainly not true that the deflection can be ignored in such a 
case. To find the deflection of such a spring the complicated 
integral in (109) must be somehow evaluated. It belongs to 
a class of functions the values of which have been tabulated, 
just as logarithms, trigonometric functions and the Ci func- 
tions of § 25 have been tabulated. They are called “elliptic 
integrals,” because they first attracted attention in the attempt 
to find the circumference of an ellipse. It is beyond the scope 
of this text to discuss them. 


§ 44. Deflection of Structural Columns 


The average man distinguishes a beam from a column by 
saying one is horizontal while the other is upright. In making 
this distinction, however, he is thinking primarily in terms of 
gravitational loads, for ““beams” and “columns,” to the aver- 
age man, are used to support buildings. In technology the dis- 
tinction is phrased a little differently, and any stiff member 
subjected to forces parallel to its own length is called a column ; 
while if the forces are perpendicular to its length it is called a 
beam. Thus; the connecting rods and 
piston rods of a steam-engine are 
columns although they are often sub- 
stantially horizontal in position, while 
a flagstaff is a beam so far as the wind 
stresses on the flag are concerned. 

Consider the column shown in Fig. 
29. Ifaload is applied to this column 
in such a way as to be distributed 
with perfect symmetry about its axis 
it is obvious that there will be no 
tendency whatever for the column to bend. Under these con- 


Fic. 29. 
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ditions it will remain perfectly straight, though it will be com- 
pressed slightly. If the load is increased to such a point that 
the material is no longer strong enough to sustain it, it will 
crush without bending. In actual practice, however, no such 
ideal symmetry is to be expected. Instead the loads will 
invariably be heavier on one side than on the other, so that they 
_ are effectively equivalent to a single force applied a bit to one 
side of the center of the column. In the figure this distance is 
denoted by «. Engineers speak of it as the “eccentricity of the 
load.” 

Now suppose such an eccentric load has been applied, and 
that the column has bent into the 
form shown in Fig. 30. If the , W 
column iscut at the point P it will 
be found that there are four forces 
acting upon its upper section. P 
They are (1) the load W, (2) the 
tension P, in the outer fibres, (3) 
the compression P2 in the inner 
fibres, and (4) the vertical force 
W’ which prevents the cut portion 
from falling. As in § 43 the pair 
(1) and (4) form the “applied 
couple,” and the pair (2) and (3) 
the “‘restoring couple,” and to these couples we must apply 
the same laws that were used in discussing beams. They lead 


to the differential equation 
LAA 


g. 
(i — hoe 
x in this case being measured upward, and y horizontally. 


Generally the deflections are small, so that y’ can be 
ignored. The equation then becomes 


gy’ =—-W y+ 8; 


the solution of which is 


yte= Cain — 0. 


Fic. 30.—STRESSES IN A BENT 
Cotumn. 


=-—Wy + 0, (110) 
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This is the formula usually adopted for the bending of columns ; 
but if the deflections are large it is necessary to solve (110) 
without simplification. 


PROBLEMS 


1. A beam has a load uniformly distributed throughout its length. 
Find the equation for its deflection upon the assumption that the 
deflection is very small. 


2. The beam of a chemist’s balance rests upon a knife edge in the 
exact center and has weight pans suspended from its ends. Find the 
equation for its curve of deflection. 


(It is simpler to think of it as being supported at the ends and deflected 
by the upward thrust of the knife edge.) 


3. Find the general solution of (110). 


4. The clamp shown in Fig. 31 is screwed 
down so tightly that its back begins to bend. 
What is the equation of its deflection? As- 
sume the top and bottom arms to be absolutely 


Fie. 31. rigid. 


§ 45. Vibrating String 


The problems of the last two sections concerned themselves 
with stiff materials, that is with materials that resist bending. 
A thread or a piece of soft leather obviously does not belong 
in this class, nor does a fine wire or a piece of gold-leaf. Such 
materials resist deformation only when in a stretched condi- 
tion, and then not because of a reluctance to bend, but because 
the forces acting upon them are thrown out of equilibrium by 
the deformation. 

As a simple example, consider a stretched violin string 
fastened at two points 4 and B. In its normal condition this 
string takes the form of a straight line connecting the two 
points. If it is deformed, its tension tends to return it to its 
original position, thus putting it in motion. 

Let us suppose that some such deformation has taken place, 
and that as a consequence the string is in motion. Let us 
further suppose that at the time ¢ its shape is represented by 
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the curve y = f(x, 4), of which Fig. 32 may be regarded as an 
exaggerated picture.' Finally, let us denote its tension by T. 
The element ds is then 
acted upon by two forces 
© T, and To, each of magni- 
tude T, but directed in 
slightly different direc- 
tions owing to the curva- 
ture of the element. If 
the inclination of the tangent at x is denoted by 0, and that at 
x + dx by 0+ d6, the x-components of T, and Tz are — T cos 0 
and T cos (@ + dé), while the y-components are — T sin 6 and 
T sin (0+ 46). If dx is exceedingly small the first two of 
these forces add up to? — Jsin@d6 and the last two to 
+ T cos 6@d6. These forces produce accelerations of the ele- 
ment in the x- and y-directions, and therefore lead to the 
equations 


A B 
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Orn ; 
m d. ne oa T sin 6 dé, 


(111) 
07 
m ds =+ T cos 646, 
m ds being the mass of the element considered. 
If y’ is very small, as it will usually be, cos 6 is nearly equal 
to unity while both sin 6 and @ are approximately equal to y’. 
Moreover, ds differs from dx by an infinitesimal of higher order 
than the first. - Hence (111) becomes 


0x paelts 
m dx a dey dy’, 
(112) 


Oey ’ 
m dx > => T dy’. 


Since y’ is very small, the right-hand side of the first of 


1 We write f(x, ¢) instead of /(«) because, if the string is in motion, its shape will 
differ from instant to instant. 
2 We discard infinitesimals of order higher than the first. 
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these is nearly zero. Hence the x-component of motion may 
be ignored. The only important equation is therefore the 
second, which takes the form 


m es ew : 
Or? Ox? 

This is a partial differential equation, and therefore its 
comprehensive treatment is beyond the scope of this text. 
However, we can make use of it to answer certain simple ques- 
tions by means of the tools already available. For one thing, 
if it may be assumed that the string vibrates back and forth 
in such a way that when its middle is half-way out to its maxi- 
mum displacement every other point is also half-way out, and 
that when the middle is a third of the way out every other 
point is a third of the way out, and so on, we can find the 
frequency of its vibrations. It may be, of course, that no 
string would ever vibrate in this fashion. If not, the assump- 
tion that it does must lead to some absurdity which will be 
evidence of that fact. Either way something will have been 
learned. 

Suppose, then, that y = f(«) is the equation of the curve of 
maximum displacement. Obviously f is not a function of 
time. At any time ¢ the string must be displaced according 
to the law y = kf(x), where k does not vary with x, though it 
is a function of ¢. By ordinary differentiation 


(113) 


07y a?k 

an / ae 
and 

OE Oh 

Ox2 dx? 


there being no need for round @’s on the right-hand side since 
both & and f are functions of one variable only. Inserting 
these in (113) it becomes 
mak: » T df 
k dP Ff ae Oe 
Since f is not a function of ¢ the right-hand side of this 
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equation cannot change with time; and if the right-hand side 
cannot change with time the left-hand side cannot either. 
Furthermore, since & is not a function of x, the left-hand side 
of the equation cannot vary with x; and if it cannot vary with 
« the right-hand side cannot either. Taken together, these 
two conclusions assert that the terms of (114) vary with 
neither ¢ nor x. They are therefore constant. Their value is 
unknown, but may be denoted by a symbol }, in which case 
(114) reduces to ¢wo equations 


a*k 
me = hk (i158) 
and 
Of 


The second of these equations is of particular interest at 
this stage of our argument, since it must be satisfied by the 
function f(*), which has so far been supposed to be arbitrarily 
chosen. What this means is, that unless f is so chosen as to 
satisfy (116) the string cannot be caused to vibrate “as a 
whole” in the way assumed above. In other words, (116) is 
the answer to the question of whether or not a motion of this 
type is possible, the answer being that the motion is possible 
if and only if the deformation satisfies (116). 

The solution of these two equations is not difficult, but it 
makes a great deal of difference in the solution whether } is 
positive or negative. If we were to try both assumptions in 
turn, we would find that the important case is that in which \ 
is negative. It is then found that f must be a sine function of 
x, and that & is likewise a sine function of the time. The 
frequency of this latter sine function, which is what we set 


ee “ » 
Oc co OpDtEAIN, 1S: =— te 
z 27 fh 


In a later section this solution will be discussed at greater 
length. For the present the important thing is the method of 
solution, which depends upon the assumption that the string 
vibrates “as a whole”; that is, that the deflection at any 
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instant is obtainable from a single curve by multiplying all its 
ordinates by the same number, which changes with the time. 
Such a mode of motion is called a “characteristic vibration” 
of the string. As characteristic vibrations are of great impor- 
tance in the solution of many very difficult problems, a second 
example of their use may be of value. 


§ 46. Vibrating Drumhead 


Suppose a drumhead is so stretched that the tension is 
uniform in all directions, and that it is displaced from the 
xy-plane into one of its characteristic modes. If it is then 
released, how does it behave? 

Suppose to begin with that it is held in a position which 
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for the time being need not be a characteristic mode, and con- 
sider the forces acting upon a small element dx dy, Fig. 33. 
Across the edge 4C the tension T acts in the direction 6. It 
gives a force T dy sin § tending to decrease! the displacement 
z. Across the opposite edge BD there is an opposing force of 
magnitude 
T dy sin (8 + dé), 

the resultant of the two being, except for differentials of higher 


order, a force 


T dy cos 0 dé 
tending to increase ? z. 


1In the figure, @ is negative: hence the force tends to increase z. 


Jn the figure dé is negative. 
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Similarly the other edges experience forces the resultant of 
which is 


T dx cos ¢ dd. 


There are also forces in the x- and y-directions, but if the 
deflections are kept small enough these may be ignored. If 
the mass of the element is m dx dy, its response to this force 
will obey the equation 


2 
m ax dy a =-+ T(cos 6d6dy + cos¢dgddx). (117) 


Now, since 6 is the angle between the x-axis and the tangent 
to a curve for which y is constant, 


tans. 


ax? 
or, to within a differential of higher order 
Oz 
ole 
Likewise 
Oz 022 
6+ dé => a, + 92 2 
and therefore 
022 
do = ax? dx 
Similarly 
_ 
oS ay 
and 
022 
do = ay? dy. 


Substituting these values in (117), and noting that cos 0 
and cos ¢ are unity to the same degree of approximation, we 


te 
: 022 02z 


mea 7 (+55) 


as the equation which governs the motion of the drumhead. 
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This equation can be solved for the characteristic modes of 
vibration by the same device as was used in § 45. Writing 


z= Rk) f(x; y), 
mak _ eee =| 
KidPY “if NOx eye 
the round @’s on the right-hand side still being required since 


fis a function of both x and y. As in § 45, both members of 
this equation must be constant, which gives 


we get 


ii —— = Nk, 


eee 3) =. 


The second of these equations must be satisfied by f(x, y) 
if the drumhead is to “vibrate as a whole” in this form. If it 
is satisfied, as the statement of our problem presupposes, the 
first equation again shows that the vibration will be a sine 
function of the time. 

In the theory of sound the sensation experienced by a person 
when his ears are subjected to a pressure wave that varies 
as a sine function of the time is called a “pure tone.” Hence 
the last two sections have shown that the characteristic vibra- 
tions of either a stretched string or a stretched membrane are 
pure tones. Yet it is a matter of experience that a violin and 
a drum do not sound alike. The explanation is, that when 
either is “played” more than one characteristic tone is pro- 
duced; and as the frequencies of these tones are differently 
related in the two cases, they give different “qualities” to the 
two instruments. 


PROBLEMS 


1. A string is stretched between the points ¥ = o and « = 1. Find 
its characteristic modes of vibration. 


(The points give boundary conditions by means of which two constants 
may be determined. There are, however, three unknown constants: r, 
and the two constants of integration. It will be found that the boundary 
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values are impossible for certain values of 4, and determine only one constant 
of integration. That is, the two constants fixed by the physical conditions 
are not the constants of integration, but one of these, and the arbitrarily 
introduced constant i.) 


2. Sketch the various shapes in which the string may vibrate. 
What is the physical significance of the three arbitrary constants? 
What is the common-sense reason for expecting not to be able to fix 
a value for the particular one which remains undetermined ? 


3. Find the time-function associated with each of these charac- 
teristic modes. With what frequency does the string return to any 
one position? 


4. What simple relation exists among the frequencies correspond- 
ing to the various characteristic modes? 


5. The general time-function of Problem 3 has two arbitrary con- 
stants, and there is one remaining in the space-function of Problem 1. 
However, when the two functions are multiplied these combine in 
such a way that there are essentially only two. What physical 
conditions do these correspond to? 


6. Assume that a circular drumhead can vibrate freely in such a 
way that each circle concentric with its circumference moves up and 
down as a whole. Find the differential equation to be satisfied by 
the characteristic modes of vibration. Do not attempt to solve it. 

7. Solve (115) and (116) upon the assumption that X is positive, 
and show that the solution does not correspond to the case of a vibrat- 
ing string. 


§ 47. Surface of Revolution having Minimum Area 


If two points, 7 and B, Fig. 34, are connected by a curve 
y = f(x) and the whole figure is then revolved about the x-axis, 


1In this and subsequent problems to which the methods of the Calculus of Varia- 
tions are applied we shall make certain tacit assumptions regarding the nature of our 
solution the attempt to adequately explain which would carry us too far from our 
main purpose. The principal one, perhaps, is that the curve for which we seek is con- 
tinuous and has no sharp corners. Others place restrictions upon the variations ¢(x) 
which we are allowed to use. All of them are implied by the processes by means of 
which (120) is derived from (118); for example, when we speak of e’(~) we imply at 
once that ¢(~) has a derivative. 

So far as our problems are concerned these restrictions are of purely theoretical 
interest, but there are other problems for which this is not true. For example, if we 
were to set ourselves the problem of finding the shape of a projectile which would be 
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the curve generates a surface of revolution. The area of this 
surface depends upon the shape of the curve drawn between 
the two points: that is, upon the form of the function f(x). 
B There is one curve possessing the 

property that the surface which it 

generates is of less area than that 


4 generated by any other curve. The 
(N problem is to find the equation of 
¥ this minimizing curve. 


As the problem is similar to those 
commonly given in the Calculus, in 
which the maximum and minimum 
points of curves are demanded, it will 
be well to review the argument by 
means of which such problems are solved. In the main it 
consists of three steps: 


Fic. 34. 


(i) The abscissa of the minimum point is first assumed to be 
known and represented by some letter X. 


(ii) It is then noted that @ departure from this minimum in 
either direction must increase the function ; that is, both f(X + e) 
and f(X — e) must be greater than f(X). 

(iii) If ¢€ is very small f(X¥ + & =f(X) + f(X) and 
F(X — =-) = f(X) — « f'(X).1 Unless f’(X) vanishes one of these 
is greater than f(X) and the other less, which violates the con- 


clusion reached in (ii). Therefore it follows that at the minimum 
point the first derivative of the function must vanish. 


Of course, there is more to the subject than this. It will 
be remembered, for instance, that the condition (iii) is neces- 
sary for a maximum point also, and it is impossible to be sure 
which has been obtained until the second derivative is inves- 
tigated. However, this is all that is necessary for our immedi- 
ate purposes. 


offered the least possible resistance in its passage through the air, and if we were to 
overlook the limitations to which our methods are subject, we would not get the 
desired result; for it is known that the body of revolution in question is generated, 
not by a smooth curve, but by one having an abrupt corner. 


* The symbol = is used in the sense of “is approximately equal to”. 
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We shall solve our present problem by an argument which 
parallels these three steps exactly. In outline it is: 


(i) To assume that the correct curve is known and has the 
equation y = f(x). 


(11) Then if its shape is varied in any way the area of the sur- 
face of revolution must be increased. If the difference between 
the ordinates of the new curve and the old are denoted by e(x) 


the new equation is 
y =S(*) + (x). 


(iii) It can then be shown that unless a certain differential 
expression vanishes, the area generated by f(*) + e() is greater 
than that generated by f(x), while the area generated by 
f(x) — ¢(*) 1s less. Hence the differential expression must van- 
ish. This gives rise to a differential equation, the solution of 
which defines the desired curve. 


Having thus outlined the problem, the details of part (iii) 
may be undertaken. Naturally, the first step is to write an 
expression for the area of the surface of revolution. This is a 
simple problem in calculus, the answer to which is 


= Aman pvr fide. 


Suppose, now, that we replace y = f(x), which gives the 
minimum area, by a new curve y = f(x) + e(x). When this 
is rotated, it gives the area 


Poe aa (fee OVI ee ds. 


Now if « represents a small variation in y, and if it is wisely 
chosen so that ¢’ is also small, 


Vit(ft ees Vitf?+——— 
and therefore 


dA = ae (- A/F + real dx. (118) 


The terms not written in (118) all contain powers of ¢ higher 


aaa ye 
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than the first, and may therefore be ignored by comparison 
with those retained. 

Unless d4 is zero it changes sign when the signof e is 
changed. This means, of course, that the area is less along 
one of the new curves than along the true curve itself, which is 
obviously in contradiction to the assumption that the true 
curve gives minimum area. It follows that dd must vanish. 

Equation (118) is, in a way, the equivalent of the expression 
e f’(X) in the simple calculus case. There is one important 
difference, however. In the calculus case the letter € occurred 
only as a multiplying factor, and it therefore followed that the 
product could only vanish provided the other factor vanished. 
This statement cannot be made of (118) in its present form. 
Instead it must be so altered that the e’ disappears. First the 
integral is split into two parts, one composed of the term con- 
taining e, and the other of the term containing ¢’. The first is 
then left unchanged while the second is integrated by parts so 
as to give 


“ip Fe ae ee 


Sf 
pov aeons we Vi + f2 +f? | 2 ‘ae 


ee + f? 


(119) 


As the conditions of the problem require every curve to pass 
through the points 4 and B, e(~) must necessarily vanish at 
both limits of integration. The first term on the right-hand 
side of (119) is therefore zero. Substituting the remaining 
term in (118) gives, as the required condition for a minimum, 


iL e(x) (vit? + f2 — nV) ae. eae 


The integrand, like the « /f’(X) of the calculus case, now 
consists of two factors: e(«), which is arbitrary; and the 
bracketed expression, which contains only f(x) and its deriva- 
tives. Just as before, this latter factor must be zero. For sup- 
pose it were not. There would then be certain intervals 
between xo and x, where it was negative, and others where it 
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was positive. As ¢(%) is arbitrary ! it could be chosen positive 
where the differential factor was negative and negative else- 
where. Then (120) would surely be negative, and the area of 
the surface reduced. The conclusion is reached, therefore, that 
the true curve y = f(x) must satisfy the differential equation 


—; 4h ff 
Vitf ~ dea of = 10; (121) 


This equation is so simple that its solution may be left to 
the reader. It will be noticed, moreover, that it is of the 
second order, and can therefore satisfy just two boundary 
conditions. As the problem furnishes just two such conditions 
in the fixed locations of the two end-points this result is 
quite sensible. In fact, mathematical results have an almost 
annoyingly monotonous habit of being sensible. 


§ 48. The Brachistochrone 


If the two points 4 and B, Fig. 35, are connected by a 
smooth frictionless wire, the shape of which is represented by 


B(2gf+e) The Complete Cycdoid 


3 2Bg (x - 1) 


Fic. 35. — THE BRACHISTOCHRONE. 


the curve y = f(x), and if a weight is allowed to slide freely 
along this curve under the action of gravity, the time which it 
takes to reach B will depend upon the shape of the curve. 
There is, therefore, some curve along which the weight will 


1 Except that « and ¢’ have been assumed to be small. Even these restrictions 
are not strictly necessary, but have been made to simplify the argument somewhat. 
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reach B ina shorter time than is required along any other curve. 
This curve is called the “ brachistochrone” ! between the points 
A and B. The problem is to find the shape of this curve. 

This problem is of exactly the same type as that of § 47, 
but before it can be solved it is necessary to find an expression 
for the length of time required by the weight to slide along any 
wire. This can most conveniently be done by the use of three 
concepts from mechanics : 

(i) The potential energy of a weight is proportional to its 


height above the surface of the earth. The constant of propor- 
tionality is the mass m, multiplied by the strength of gravity g. 


(ii) The kinetic energy of a moving body is proportional to the 
square of its velocity. The constant of proportionality is 3. 


(iii) The potential and kinetic energies of a body always add 
up to the same sum, unless it communicates energy to some other 
body. This is the principle of “conservation of energy.” 


In the problem as stated, frictional forces are absent, and 
therefore the weight loses no energy as it slides along the wire. 
Hence its kinetic energy mv?/2 plus its potential energy 
mg(yo — y) must always be the same. This gives the equation 

v2 = agy +a, (123) 


where a is an unknown constant.2 
Next it must be noticed that the weight is always moving 
in the direction of the wire. Hence v means the rate at which 


: ds Seenke ne 
the arc length s is traversed; or v = oe Substituting this in 
(122) it is found that 

dt I 


i ape 
whence the time of travel is represented by 
: =f ds 
V 2gy + a 


1 From two Greek words meaning “‘shortest time.” 


? It depends upon yo, the height of the point 4, and this can be made whatever we 
please by choosing the origin of coordinates properly. 
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Expressing ds in terms of the variable x, this becomes 


i pom co (123) 


ey 1 a 


This is the integral which is to be made as small as possible. 
Suppose now, that y = f(«) is the equation of the true curve 
and that y = f(x) + e(x) is any neighboring curve. Along 
this zew curve the time of travel may be denoted by ¢ + dt 
where 
o -(( ie . gv ye ) 5p 
Vagftavitf (aft a 


As in § 47 it is necessary to integrate the term in ¢’ by parts, 
and to note that e vanishes at both limits of integration. When 
this is done the integrand reduces to the product of two factors. 
As before, one of these is «, which is arbitrary. Since the 
integral as a whole must vanish, the other factor must be zero, 
and this gives rise to the differential equation 


Sloe 2 evith 
dx\V/ of +aVi +f? 2ef + a)** 


It is possible to solve this equation if the indicated differen- 
tiations are carried out, but it happens to be easier to solve it 
as it stands. As the process is one which is frequently useful 
in practical problems as well as in those of a more theoretical 
nature, it is worth while to carry it through step by step. 

In the first place, it is noticed that the equation does not 
contain x. Therefore in accordance with the method of § 33, 


(124) 


ee dee ; na. 
it is natural to replace the symbol aye by its equivalent f Ts 


Then collecting all the /’”’s on the left-hand side of the equation 
it takes the form 


Jane ae sar rei Sees 
Vi+ f2 4 Vi +f? V2gf + (20f apo) 


On the left-hand side of this equation the quantity standing 
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d 
before the symbol Fi is almost, but not quite, equal to the one 


which follows it. If they were equal the entire left-hand side 
would be the product of a function by its derivative, and 
would integrate into the square of the function. It is there- 
fore worth while to try the expedient of multiplying the entire 
equation by such a factor that this form will be completed. 
The necessary factor is obviously V 2¢/-+ ain the denominator, 
and the only change that it makes in the right-hand side of the 
equation is to replace the exponent } by 2. When this change 
has been made the equation integrates at once into 


‘lia nee 
Ce OEY Rss foe 


This equation can easily be solved for /’, the result being 
; lenin CAKE Sa 
ie : Bogf + a) 
Blagf + a) 
poe x 
I B(@g7 =a) 


The evaluation of this integral is much simplified by chang- 
ing the variable in accordance with the equation 


Blogf + a) = Sina 0, (125) 


in which case the integral turns out to be 


whence 


= laa — sin 6 cos 6). (126) 


The pair of equations (125) and (126) together define the 
desired brachistochrone in terms of an auxiliary variable, or 
“parameter,” 6. If we assign to this parameter a particular 
value, we may find a value of x from (126), and the correspond- 
ing value of y = f(x) from (125). Obviously, then, by assign- 
ing one value after another to @ we could obtain as many points 
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upon the brachistochrone as we might desire. The curve 
which would result from this process is the cycloid shown in 
Big. 35. 

We could also eliminate 6 from (125) and (126) and thus 
obtain the equation of the curve in its ordinary form. It is 


B(2gf +a) = sin? (28g(x — y) + V Bef +)[1 — Bagf +2)))- 


Instead of using this complicated equation, however, it is 
usually wiser to fall back upon the pair of parametric equations 
(125) and (126), which are simpler both to write and to 
compute. 


§ 49. Geodesics on a Curved Surface 


Consider two points 4 and B on the surface shown in 
Fig. 36. Among the curves which may be drawn on the sur- 


face from one of these points to the other there is one which 
is shorter than all the rest. It is called a geodesic. This geo- 
desic is desired. 

As a means of defining it, we may think of it as projected 
upon the xy-plane. The equation of the projected curve 4’B’, 
together with that of the surface, will then fully define the 
geodesic. 

Suppose the equation of the surface to be z = ®(x, y). 
Then when x and y change by amounts dx and dy, z will change 
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by an amount dz = ds + “- dy. Hence the element of arc 
length is ° J Pes a. \2 
ds? = dx? + dy? + d? = dx? + dy? + pp 28 ay) ; 
x oy 
Now suppose the points 4 and B to be connected by any 
curve whatever. In terms of its projection y = y(x) upon the 
xy-plane its length is 


¥ A. 5 ai ;, eG ab y 
ir Te OX =i) I stay =e ax a: ay » dx. (127) 


It is this integral which must be 
made as small as possible. 

As an example take the case 
of the parabolic cylinder shown 
in Fig. 37, the equation of which 


’ o® 
is 2 = bx?, Here pee 2bx and 


OP 
a = 0, so that (127) becomes 


y 5 ={ VE Pig ey aes 


Fic. 37. 


We may obtain a differential equation from this integral by 
the usual process, the details of which are now sufficiently 
familiar that we need not repeat them. It appears in the 
form 


d ye 
= 0. 8 
dx) + 4b?x? + y? . (128) 


It is a simple matter to solve this equation. The solution, 
of course, gives a family of curves, any one of which possesses 
the property that, if two points are marked off upon it, the 
distance between these points is less than it would be along 
any other curve that could possibly be drawn between them. 
If we seek to find the geodesic joining two particular points, 
as the statement of our problem presupposes, we need only 
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use the coordinates of these points as boundary values and 
thus determine the constants of integration in our general 
solution. 


§ 50. The Problem of Dido 


The problems of the last few sections all require the deter- 
mination of a curve along which something is as large (or as 
small) as possible. The study of such problems 1 is called the 
Calculus of Variations, and is itself an important branch of 
mathematics. The problems so far given have belonged to the 
simplest type with which this study deals. That is, the curves 
have not been required to satisfy other conditions than that of 
making the integral a maximum. For example, in § 47, the 
only restriction placed upon the curve was that it should lead 
to a surface having the least possible area. Sometimes, how- 
ever, it is necessary to require the curve to satisfy other condi- 
tions as well. For example, its length might be given in 
advance, the problem being to bend a wire of fixed length so 
that it would generate the minimum area. It is quite obvious 
that this problem has a solution, and it is equally obvious that 
the solution need not be that previously obtained; for it 
would be a remarkable coincidence if the wire furnished were of 
exactly the length demanded by the curve of § 47. 

There are many problems of this sort. As a class they are 
known as isoperimetric problems. The one which is of greatest 
historical interest is called the Problem of Dido. It is said 
that Dido, Queen of Carthage, being in disfavor with her 
brother Pygmaleon, took all the money she could find and ran 
away to the south shore of the Mediterranean. There she 
struck a bargain with the king, Iarbas, for as much land as 
could be encompassed by a bull’s hide. Then, with the fine 
sense of fair play which is never wanting in mythology, she 
cut the skin into as fine thongs as possible, tied them end to 
end, and made them reach around the site of Carthage. With 
characteristic Phoenician thoroughness, she even made the 
ends terminate on the seashore instead of bringing them 
together. Later, she committed suicide in a very spectacular 
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fashion to avoid marrying this same Iarbas; but that part of 

the story is not proper material for a text on differential 

equations. The point is, that having conceived this brilliant 

scheme, she was confronted with the problem of so placing the 

leather thread as to enclose the most valuable possible bit of 

ground — which might or might not be the largest bit, accord- 
to circumstances. 

The Problem of Dido is therefore the following: Given a 
curve (the seacoast), and knowing the value of the land (which 
may vary from place to place), how can a curve of given length 
be drawn so that the value of the area enclosed between it 
and the given curve shall be a maximum? 

To illustrate the method by which isoperimetric problems 
are treated, this Problem of Dido will be solved for the simplest 
possible case, in which the land is supposed to have the same 
value everywhere and the seashore is supposed to be straight. 
Moreover, it will be assumed that the ends of the string are 
placed at two preassigned points X units apart.! The problem 
then degenerates into that of determining what curve of given 
length bounds the largest area. 

This curve is required to satisfy. ‘wo conditions, one as to 
length and one as to area enclosed. By choosing the seacoast 
as the x-axis, with one end of the string at the origin, these may 
be written ? 


be x 
-{ Vale ae, anf y ax. 
0 0 


The first is to have a fixed value, while the second is to be as 
large as possible. 

Suppose, now, that the true curve is y = f(x), its length 
being Zo and the enclosed area 4. Suppose, moreover, that 


' However, see Problems 8 and g, § 51. 


* If the points o and X were too close together, it might be necessary for the thread 
to bulge out along the coast beyond these points, and then the integral for 4 would 
no longer be correct in the form in which we have written it. We need not concern 
ourselves with such complications, however. Instead, we shall assume that yisa 
single-valued function of x. 
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we were to follow our usual practice and compare this true curve 
with some other whose equation was y = f(x) + e(x), (x) 
being small, but otherwise unrestricted. Obviously we could 
no longer say that 4 + dd, the new area, was smaller than 
Ao; for the new curve might be longer than the old, and might 
therefore enclose a larger area. In other words, our usual line 
of argument falls down, and we are forced to seek some new 
method of attack. 

This we shall do by shifting our attention from Dido’s cord 
of length Zo to a new cord the length of which is Zo + dL, dL 
being either positive or negative. Let us suppose this new cord 
to be placed in such a way as to bound the largest possible 
area, which will be either larger or smaller than 4, according 
to the sign of dL. Finally, let us denote this new area by } 


Ay + AA and the differential ratio aa (or rather, the limit 


of this ratio as dL approaches zero) by \. Then we can make 
the statement that, if we change the length of our curve by an 
amount aL, the biggest area which it can then enclose will be 
Ay + daL. 

Now let us return to the consideration of our arbitrary 
comparison curve y = f(x) + e(x), and let us suppose that 
this has a length Ly + dZ, which may be either longer than, 
shorter than, or equal to Zo. Let us also denote by 4 + dd 
the area bounded by this new curve. Now, whatever its length 
may be, the new curve cannot possibly bound an area greater 
than 4) + dL, for by hypothesis this is the largest area that 
can be bounded by a curve of length Zo + dL. Hence we 
must conclude that 

dd = ddL, 
or 
dA —ddL So. 


This leads us to the theorem: No matter what change we 
may make in the curve y = f(x), whether that change be such as 


1 We write AZ instead of d4 because we wish to retain the latter symbol for the 
change in area brought about by changing to an arbitrary curve y = f(x) + (x). 
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to alter its length or not, the quantity dA — \dL is never positive. 
But if d4 — \dL is never positive, 4 — XL cannot be larger 
for the new curve than for the old one. Hence we can restate 
our theorem in the more significant form : 


The same curve which makes A as large as is possible for a 
curve of its own length, also makes the quantity A — dL as large 
as is possible for a curve of any length. 


To solve the problem of maximizing 4 with the restriction 
that Z must equal Lo is therefore identical with solving the 
problem of maximizing 4 — NZ without any restrictions what- 
ever. It is true that the correct solution of the problem will 
only be obtained provided we use the right value for \ ; and as 
it seems impossible to determine \ without knowing the solu- 
tion of the problem, it may seem that little has been accom- 
plished by this argument. We shall find, however, that if we 
carry \ along as an unknown constant, we shall eventually find 
a means of evaluating it. 

The integral to be maximized is therefore 


x ———— 
Pei ={ G AV ieee 
0 


By the usual transformations this leads to the differential 
equation 
i ns I 
ax /{ Tyas eas 
the solution of which is 
(=a) (ye 8) Pea hee 


This is the equation of a circle of radius \, with its center 
at the point (a, 8). It involves three arbitrary constants, 
a, 8 and \; but there are also three conditions by means of 
which they may be determined, for the curve must pass 
through (0, 0) and (X, 0), and must also be of length ZL. The 
easiest way to determine the values of the three constants is 
by means of geometry. It is known that the center of a circle 
which passes through two points 4 and B lies on the perpen- 
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dicular bisector of 4B. This means that a must be X/2. (See 
Fig. 38.) As the hypotenuse and one leg of the triangle 4DC 
are known, the length of the other leg can easily be computed. 
Thus 8 is found to be — WV)? — X2/4. Finally Z/X is the mag- 
nitude (in radians) of the angle 4CB. The angle 4CD is just 
half as big, and its sine is equal to 

X/2. This gives the equation 


si— = usd , AG Be sn B 
2h. 2X B X,0 
d 
from which to determine X. This G 
equation is transcendental and can- Frans 


not be solved by algebraic means. 
It can be solved by “cut and try,’ however; or it can be 
solved in series. For example, if Z is 1.25.X, \ turns out to be 
0.552X, and therefore B is — 0.234X. It is this circle which 
is shown in Fig. 38. 


§ 51. 4 Problem in a priori Probability 


It is of value to a telephone company to know how many 
calls to expect within a particular interval of time. Operating 
conditions are not always the same, and sometimes they make 
the solution of the problem quite difficult. But the following 
case is simple enough to be treated here; and besides it simu- 
lates actual conditions closely enough to have become the 
standard with which all other conditions are compared. 

Suppose an observer is stationed in a telephone exchange 
to watch the calls come in, and that he counts them for a 
certain time interval — say a minute. What is the probability 
that he counts just 7 calls? 

It will be assumed : 


(a) That the probability that he counts just ” is not in- 
fluenced by what may have happened just before he started 
counting. That is, he may have observed that there were un- 
usually few during several minutes while he was waiting to begin 
his count, or unusually many; but this, it is assumed, will not 
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give him any indication of what to expect during his observa- 
tion. This assumption will not appear unreasonable when it is 
remembered that a subscriber has no means of knowing what 
other subscribers are doing, and therefore cannot be influenced 
in making his calls by what the observer has seen. 


(2) That the chance of the observer counting just 7 calls is 
independent of the time of day when he chooses to make his test. 
This assumption, of course, is not true in general ; for the chance 
of calls arriving at three o’clock in the morning is not nearly as 
great as at three in the afternoon. But so long as the observer 
is restricted to work only during those hours during which the 
general level of traffic is constant, the assumption is not far from 
right. The idea is, that whether he begins to observe at 2:35 
or 2:47 or 2:51 does not matter much. 


Three laws are needed from the theory of probability : 
(i) If a thing is sure to happen, its probability is 1. 


(ii) If either of two things can happen quite independently of 
whether the other does or not, the chance that doth happen is the 
product of the probability of one happening by the probability of 
the other happening. 


(iii) If it is impossible for both of two things to happen, the 
chance that ezther one or the other happens 1s the sum of the chance 
that the first happens plus the chance that the other happens. 


We are now ready to carry out the solution of our problem. 
It will consist of three parts. In Part I we will obtain the 
chance that the observer counts vo calls. In Part II we will 
derive a differential equation for his chance of counting just 7 
calls. Then in Part III we will solve this equation. 


Parr I.— Call the length of time during which the observa- 
tion lasts ¢, and divide it into a large number of very small 
intervals dt. Then there will be no calls in ¢ if and only if there 
are none in any of these small intervals. Hence the chance of 
no call in ¢, which will be written po(¢), is the product of similar 
probabilities for all the small intervals. This follows from 
law (ii). That is: 

polt) = [pola yl”, (129) 


where ¢/dt is the number of intervals. 
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Next, let g(d¢) represent the chance that a call does occur 
in such a small interval dt. As an interval cannot at the same 
time have a call and not have a call, law (iii) asserts that 
po(dt) + q(dt) is the probability that a call either does or does 
not occur in such an interval. Obviously one or the other of 
these things must happen: hence by the first law the sum 
po(dt) + q(dt) is equal to unity. Therefore (129) becomes 

polt) = (1 — 9)"; 


or 
t 
log po(4) = 7 08 (I — q). 


If dt is very small — say a thousandth of a second — the 
chance that it contains one call is very small; and the chance 
that it contains two calls or more may be neglected entirely : 
q then is exceedingly small. But if ¢ is small, log (1 — g) is 
approximately equal to — ¢; whence 

log pols) = — 2. (130) 

Next, let dt get smaller and smaller: evidently the left- 
hand side of (130) cannot be changed by this means, for it 
represents the chance of no calls in the entire interval ¢; and 
if the left-hand side does not vary the right-hand side cannot. 
This requires that g contain df as a factor. Call it 


q = kdt; (131) 
then (130) reduces to i 
pol?) =e", 

This is the probability of no calls during the interval of 
observation. The &, of course, is unknown; but it is not 
without its physical significance, for (131) states that kd? 1s 
the chance of a call in an interval dt, provided dt is very small. 


Parr IJ.—For the second part of the problem, take an 
interval of any length ¢, followed by a very short interval dt. 
Taken together they form an interval of length ¢ + dt, which 
will be called the “combined interval.” 


142 ELEMENTARY DIFFERENTIAL EQUATIONS 


If there are 7 calls in this combined interval, they must 
either all be in ¢ and none in dt; or m — 1 in¢ and one in df; 
or divided between them in some other way. The other ways 
all require more than one call in df, and are therefore so 
extremely unlikely that they may be ignored. 

The chance of 7 calls in ¢ and none in df is 


prlA)po(dt) = pala — 9) 
= prlt)(1 — k db), 


and the chance of x — 1 calls in ¢ and one in df is 


Pa—1@) pil(dt) = pa—i(4) k dt. 
Hence the chance of 7 calls in the combined interval is 
Palt + dt) = prlt)(1 — kdt) + pri) kd, 
which can easily be thrown into the form 


a(t + dt) — pn | 
Poll oh ay ol) — Ip) pe 


This equation is only true provided dt is very small ; even 
then it can only be regarded as a very good approximation, for 
the chance of more than one call in dt though small, is not 
absolutely zero. However, the approximation is improved as 
dt becomes smaller, and as dt vanishes (132) becomes exact. 
So though (132) as written is only approximate, the differential 
equation 


dPn 
f = k (Past — Pn)s (133) 


to which it leads, is absolutely true. It is only necessary to 
solve it to obtain the value of py. 


Parr III.— Suppose 7 to be taken equal to unity. Then 
(133) becomes 


ad 
P+ kp =k po. 
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As po is known to be e~* 


the solution of which is 
pi = (a + kde ™. 


The determination of the proper value for the constant of 
integration aj is not difficult if the meanings of the quantities 
are kept in mind, for the chance of one call in a very small 
interval must be very small, and must approach zero as the 
length of the interval approaches zero. That is, p1 must be 
zero when f is zero, and therefore a; must vanish. Hence 


', this is an ordinary linear equation, 


Et 


Pi = kte 


Similarly, for 2 = 2 (133) becomes 


where az must likewise be zero. Proceeding in this fashion 
Ps Pty °° * » can all be found in succession.} 


1 An interesting alternative method of solving (133) makes use of the following 
artifice: 

We first introduce an auxiliary variable X, and define a function F(A, 4) by the 
Taylor’s series 

F(A, 4) = po + Api t Mp2 +s: +. (a) 

About this series we note two things: first, that whenA = 1 it reduces to F(1,¢) = 1; 
and second, that it.must therefore be convergent for all smaller values of i. 

Next, we differentiate our series and replace the derivatives of the p’s by (133). 
Thus we obtain 


dF 
—=k(—1)F, 
dt ( 2 
or 
FOLD) = ah) eave (2) 


where @(d) is the “constant of integration.” 
x ’ 
To determine this constant we first notice that when ¢ = 0 all the p’s except po 


vanish. Hence (a) reduces simply to 
F(A, ©) = polo). 


Likewise (4) reduces to 
F(A, 0) = @(A). 
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Again a differential equation has proved to be the clue to 
the solution of an important technical problem. 


PROBLEMS 


1. Find the shortest path between the two points (%o, yo) and 
(x1, y1) in the xy-plane. 


2. A body must be moved from the point (1,0) to the point (2,2). 
The nature of the surface over which it is to be moved varies from 
place to place in such a way that the labor expended in moving it a 
unit of distance is proportional to its distance from the origin. Find 
the path that requires the least expenditure of energy. 


3. A load is to be moved from x =o to x = I in one second. 
There are many ways of accomplishing this: by moving it at unit 
velocity all the way, or with velocity 2 from * = 0 to « = % and 
velocity 4 from there on, or in general with the velocity implied in the 
statement x = f(t). In doing this it is necessary to overcome a 
resisting force proportional to the velocity. What should the 


schedule be in order to expend the least possible energy? 


(This problem can be formulated as an integral from « = 0 to x = 1, 
in which case it is an isoperimetric problem; or as an integral from ¢ = 0 
to ¢ = I, in which case it is not. See if you can get the same answer both 


ways. Energy is ( F bd, Ose rE a where F is force.) 


4. A cubic centimeter of brass is to be worked into a solid of 
revolution, the axial diameter of which is one centimeter. It is 
desired to make its moment of inertia about the axis as small as 


possible. What shape should it be given? 


Hence a(A) = polo), and thus is a constant. On the other hand, if we set equal 
to 1 in (6) and remember that F(1, ¢) = 1, we find that the value of this constant 
a(A) is unity. That is, 

F(a, t) = ett ert, 


Let us now replace e* by its Taylor’s series. The result is, 
kz 
FA, ) = eT? + Ake H+ 2 — eH 4..., (c) 
2! 


Thus again we have found a convergent Taylor’s series for F(A, t). But it is impossible 
for a function to be represented by two different Taylor’s series. Hence the coefficients 
in (a) and (c) must be equal; which gives us 


pe MAE 


Ri OTs pi = kte—®, 22 =e = 


as before. 
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(The moment of inertia of a mass m about an axis d units distant from 
it is md.) 


5. A deity, about to create a world out of a given amount of 
matter at his disposal, wants it to satisfy three conditions: first, that 
it shall be a solid of revolution ; second, that it shall be homogeneous ; 
and third, that it shall exert the maximum possible gravitational 
attraction upon a body placed at its “north pole.” 

Being all-wise, the deity set up his differential equation in terms 
of polar coordinates, using the “north pole” as origin, and found the 
proper shape. I am sure the reader will be gratified to find that he 
can do the same, and will wish to draw a curve representing the cross- 
section of this new world. 


6. Find the curve of length 3 joining the points (—1, 1) and (1, 1), 
which, when rotated about the x-axis, will give minimum area. 


(In obtaining the solution of this problem you will find that one of your 
constants can take either of two values. Obviously there is only one solution 
to the problem. Which of the two values is the correct one, and what does 
the other mean ?) 


7. Find the surface of revolution which encloses the maximum 
volume in a given area. 


(After obtaining a differential equation containing only y’ and y, the 
substitution 1+ y’? = 1/u will greatly simplify the work. You will be 
unable to evaluate your last integral in general. If, however, you require 
the surface to meet the axis of rotation at right angles — which merely says 
that it must not have pointed ends — you will obtain the solution you expect. 
What is the significance of the other solutions ?) 


8. Dido was confronted also with the problem of determining how 
far apart the end-points 4 and B, Fig. 38, should be made, in order 
to get the most out of her bargain. Answer this question by finding 
the area in terms of the angle ¢ (that is, #CD) and determining the 
value of ¢ for which it is a maximum. 


g. Land on the Carthage waterfront probably was of greater 
potential value than further inland. This somewhat complicated 
Dido’s placing of the bull’s hide. Suppose land values varied accord- 
ing to the law 

I 


Tt atat 


v(n) being the value of a unit of area located at a distance 4 from the 
sea. Find the boundary, all other conditions being as in the text. 
Do not attempt to perform the last integration. 


v(n) = 


CHAPTER VII 
Linear Equations oF OrDER HIGHER THAN THE FIRST 


§ 52. Introductory Remarks 


The reader will find, upon referring to the examples con- 
tained in §§ 45 and 46 and to his solution of the problems 
which accompanied those examples, that all of the differential 
equations were linear. This was not merely a coincidence. 
Instead, it may be stated as a general rule that the vast major- 
ity of problems dealing with elastic deformations formulate 
themselves as linear differential equations. This is true also 
of most problems in the conduction of heat or of electricity, 
and of many other technical and scientific problems as well. 
In fact, so great is the preponderance of linear equations in the 
more usual fields of physical research that the study of the 
differential equations of mathematical physics might almost 
equally well be called the study of linear equations.! 

It is not out of place, then, to give special attention to equa- 
tions of this form; and accordingly the remainder of this text 
is devoted almost entirely to their consideration. 

They divide themselves sharply into two classes: those 
with constant, and those with variable, coeficients. Of these 
classes, the latter is generally (and properly) made the subject 
of a separate course of study. We shall therefore confine our 
attention in the main to the simpler case of constant coefficients, 
the only exceptions being the introductory remarks of §§ 53 
and $4, which apply equally well to all linear equations, and 
certain types which are mentioned in Chapter IX for the pur- 
pose of giving the reader an intimation of a direction in which 
he may profitably extend his studies if he is so inclined. 


1 The reason for this preponderance of linear equations is, of course, the fact that 
in the vast majority of scientific problems we are content to deal with first order effects. 
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Throughout this study we shall find it convenient to denote 
the differential cee 


fie) 2 Ashe 5@aa ea + fe) 2 Som) y 


by the shorthand notation # ( ¢ )y. This notation is sug- 
gested by the fact that derivatives of various orders are written 
as if they were powers of £ , so that the whole expression has 
the appearance of y multiplied by a function of two variables 
x and ae Of ee such a function would naturally be 
represented by Fs, 2), if we wished ee call specific attention 
to the fact that the highest power of Te WS the sen. =iiethie 


notation the most general linear equation of the sth order is 
d ) i) 
F(x, 4) y = fle), 
/(*) being any arbitrary function of x. 


§ 53. The Principle of Superposition 


The most important general theorem relating to linear 
equations is known as the principle of superposition. It deals 
with two equations, 


F(x, 4) y =f) (134) 
and 


Fs, a y = glx), (135) 


which are exactly alike on the left-hand side, but have different 
functions of x on the right; and with a third equation, 


A(x, 4) y =f) + £0), (136) 
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which is also identical on the left, but has as its right-hand 
member the sum of the right-hand members of the other two. 
The content of the theorem is, that the sum of a solution of 
(134) and a solution of (135) is a solution of (136). 

It is convenient to think of all three equations as identical 
in the sense that they have the same differential structure, and 
to speak of the solutions as being “due to” the particular form 
of the right-hand member. The theorem then takes the form: 


Tueorem I.— The sum of solutions of a differential 
equation due to two functions f(x) and g(x) is a solution due 
to the function f(x) + g(x). 

In order to prove this statement, denote the solutions of 
(134) and (135) by ¢(x) and y(x), respectively. In the lan- 
guage of the theorem these are the solutions “due to /” and 
“due to g,” respectively. Then the supposed solution “due 
toft+tg’is¢t+y. 

To determine whether our theorem is true or false, then, 
it is only necessary to substitute it in (136) and see whether 
the equation is satisfied. However, since any derivative of 
@ + y, whatever its order, is the sum of derivatives of like 
order of ¢ and y separately, when ¢ + y is substituted in (136) 
the left-hand member breaks up into a part containing only 4, 
and another containing only ¥. By comparison with (134) 
the first of these is seen to be equal to f, and by comparison 
with (135) the second is equal to g. Hence the theorem is 
established. 

So far ¢ and y have been spoken of as if they were par- 
ticular solutions. However, if ¢ is the general solution of 
(134) and y a particular solution of (135), 6 + W must be the 
general solution of (136). For if ¢ is the general solution of 
(134) it contains s independent arbitrary constants. There- 
fore ¢ + w also contains s independent arbitrary constants, 
and the general solution of (136) can contain no more.! 


*It might seem, offhand, that by adding together the general solutions due to f and 
g, an even more general solution of (136) would be obtained, because of the 2s arbitrary 
constants. But only s of these constants are independent. Hence there is no gain in 
generality, as indeed our remarks above should have led us to expect. 
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Passing to a special case, if g = 0, (134) and (136) are 
identical on doth sides, and (135) becomes the corresponding 
equation with its second member suppressed, or, as it is usually 
called, the complementary equation. For this special case 
Theorem I may be stated as follows : 


Tueorem II.— The general solution of a linear dif- 
ferential equation is the sum of any one of its particular 
solutions and the general solution of the complementary 
equation ;' or, in other words, The general solution of a dif- 
ferential equation “due to f(x)” is the sum of any particular 
solution “due to f(x)” and the general solution “due to zero.” 


Nearly all methods of solving linear equations are built 
upon the principle of superposition, or upon Theorem II, which 
is a special case of it. The principle should therefore be 
thoroughly mastered in both forms. In a later section they 
are interpreted in terms of electrical circuit theory, and 
it will be found that each of them has a simple physical meaning. 


§ 54. The Principle of Decomposition 


It is to be noted that, though the solution of (136) can be 
built up once the solutions of (134) and (135) are known, the 
process cannot generally be inverted. That 1s, if a solution 
due to f + g is known, it is not generally possible to state what 
part of it is due to f and what part to g. A similar state of 
affairs occurs in elementary arithmetic. The two numbers 
3 and 4 being known, their sum 7 is uniquely fixed: but if it is 


1 The general solution of the complementary equation is usually called the “com- 
plementary solution” of the original equation. In spite of its name, however, this 
complementary solution is not a solution at all; for it reduces the left-hand member to 
zero, not to f(x). For this reason the term “‘complementary solution” is avoided in 
this text, in favor of the longer phrase “solution of the complementary equation.” 
Even this phrase is unsatisfactory, for it is difficult to see in what sense the equations 
are complementary; but at least it is not wholly misleading. The “ due to” ter- 
minology is based upon the general dynamical significance of the equation, in which 
y is the displacement “due to” a force f(x). Personally, I like it well enough to 
dispense with the other entirely, were it not for the fact that the reader might then 
find the term “complementary” meaningless when he met it in print. 
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known that the sum of two numbers is 7, the numbers cannot | 
be inferred therefrom. They may be 3 and 4, or 2 and 5, or 
any other of an infinity of pairs. 

There is one special case, however, in which the arithmetical 
process can be inverted and the sum split up into its original 
terms: if the sum is a complex number a + 47, and is known 
to have been obtained by adding together a rea/ and an imagi- 
nary term, it follows that the real term must have been a, and 
the imaginary one Zi. In all other cases where the sum of two 
numbers is a + Ji, at least one is complex. Similarly there is 
a special case of the principle of superposition in which the 
solutions due to f and g can be inferred from the solution due 
to their sum, and it so happens that this special case is entirely 
analogous to the simple arithmetical example which we have 
just used. 

Suppose f(x) is real, while g(x) is a pure imaginary and equal 
to igi(x); suppose further that the coefficients of all the 
derivatives in (136) are real. Finally, suppose that a solution 
of (136) is known. This solution will have a real part and 
an imaginary part, and may be written y = (x) + 7x(x). 
When this is substituted in (136), the equation may readily be 
reduced to the form 


F(x, 4) o+ iF(s, us) Wi = f(~) +7 g1(*). 


Since ¢ and y are rea/ quantities, their x-derivatives are 
d : 
also real. Therefore F(x, 4\6 is real and i F(x, ,) WW 


imaginary. It follows, then, from the fact that two complex 
quantities are equal only when their real and imaginary parts 
are separately equal, that 


F(x, 4) 4 =f) 


and 


nla) w= ae 
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The first of these states that ¢ is the solution due to F(*), and 
the second that yi is the solution due to gi(x). 
In words this theorem may be stated as follows : 


Tueorem III. — Jf, in the linear differential equation 


F(x, 4) y = A), (134) 


the coefficients of the derivatives are real while f(x) is com- 
plex, the real and imaginary parts of the solution due to f(x) 
are due, respectively, to the real part of f(x) and to its imagi- 
nary part. 

One clause in this theorem needs special mention: If a 


coefficient in F(x, 2) is not real, the result of replacing y by 

a real function of « in that term is not real. Hence it is no 
: d d 

longer possible to infer that both F(x, 4) ¢@ and B(x, 2) V1 


in (136) arereal. This, of course, destroys the argument. The 
second example below is a case of this sort, and may serve to 
emphasize the need of requiring that a// the coefficients be real. 

Similarly, if an equation is not linear the theorem does not 
apply; for in such a case y or one of its derivatives must be 
multiplied either by itself or by another derivative. But if 
the y which solves (134) is complex, its derivatives are also, 
so that any such product is a product of two complex quan- 
tities. As it is zof true that the real part of such a product is 
the product of the real parts of the factors, nor the imaginary 
part the product of the separate imaginaries, the argument 
breaks down. 

As a first example, take the equation 


Of ay mx + int (137) 


The solution of this equation is easily found, by the method of 
§ 30, to be 
er AKO UG 


DR yoni Beaty are (138) 
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Similarly, the solutions of 


ayes 
ax aon 
and 
AY Sia lik Ree 
dx as Relea ee 
are, respectively, 
x2 Cy 
a hae 4 x2 
and 
402 
t hoore ic x2 


They are therefore indeed the real and imaginary parts of 
(138), provided the arbitrary constant ¢ is complex, and has 
the real and imaginary parts c, and ica, respectively. 


If, however, (137) is replaced by 


Ch ee ey) : 
Fanon fama we Ns (139) 
so that the coefficient of y is no longer real, its solution is 
ae See c 
Dea oe ena 


or 


y = [Lx? + 34 x? + acos (6 — 2 log x)] 
+i[—4? + 3, x8 + asin (6 — 2 log x)],! (140) 


1 The separation of real and imaginary parts in the case of the first two terms is 
simple: it requires only multiplication by the conjugate imaginaries of the denomina- 
tors. The method of separation in the last term may not be so familiar to the reader. 
Using the value ¢ = ae” and writing 

wt — e— 2tlog ie 
the term takes the form 
a et(b—2 log x) 
But 
e = cos0 + isind. 


Hence, upon identifying 2 — 2 log x with @, the last term becomes 
a cos (b — 2 log x) + ia@ sin (6 — 2 log x). 
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provided the arbitrary constant c is expressed in the form 
1 : O 

ae. The real and imaginary parts are here separated, but 

they are vot solutions of 


and 


Instead, the solutions of these are, respectively, 


x2 C1 
== aria 
ay Sha ate 


, : I4I 
1x8 1C2 Cy 


eae ar 


and are not even real. 

This outcome was to be expected, since the principle of 
decomposition (Theorem III) does not apply if the coefficients 
of the differential terms are complex, as in (139). However, 
no such restriction was made in developing the principle of 
superposition (Theorem I). The sum of the terms (141) ought 
therefore to be equal to (140), as indeed they are. 

Finally, as a third example, consider the equation 


ane ) Sees 
y (24 Hy) aati (142) 
the solution of which is easily found to be 


x? 21x2 G 
ya fot 2s a (143) 


and 
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are 
x C 
y Tae ~ ai (144) 
and 
21x3 1C2 
YSN Gree Bee (145) 


But not only are (144) and (145) not the real and imaginary 
parts of (143): their sum is not even equal to (143). That is, 
in this case both the principle of decomposition and the prin- 
ciple of superposition fail, as indeed they ought, since (142) is 
not a linear equation. 


§ 55. Linear Equations with Constant Coefficients; Exponential 
Solutions 


The principle of superposition applies to all linear equations, 
no matter what the nature of the coefficients ; and the principle 
of decomposition applies whenever the coefficients are real. 
But the processes which are now to be explained generally fail 
unless these coefficients are constant. Hence, throughout the 
remainder of the chapter only those equations will be discussed 
which are linear and have constant coefficients. 

Any such equation is of the form 


dy dty d 
nat Gaga ts bas tay =e), G46) 
or, in symbolic notation, 
d 
r(4) y =f), (147) 


which differs from (134) only in the fact that x is no longer an 
argument of the function F,. As the solution of all such equa- 
tions may be made to depend upon that obtained when /(x) is 
an exponential of the form Be”, their study can best be intro- 
duced by considering this special case. 

Suppose, then, that the differential equation is 


d zr 
r(4) y =Be™. (148) 
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A particular solution can then always be found in the form 

y = de”, unless F.(p) = 0. For ify has this form, its succes- 

sive derivatives may be written down at once by merely 
see ee | d a? 

replacing os by p. Thus i dace DS a A p’y, and so on. 

Hence when y is assumed to have this form (148) becomes 


Le pyde = Bee. (149) 


This is no longer a differential equation, for p is merely a 
number and therefore F,(p) is also a number. The only unde- 
termined quantity in it is 4, and the equation shows at once 
that 4 must be given the value 


B 
A= Fa 
That is, a particular solution of (148) is 
a Be pL 
thee F.(p)° 


This result can be formulated as a theorem as follows: 


TuHeoreM IV. — If the right-hand side of a linear equa- 
tion with constant coefficients is an exponential function 


Bee, as 17 (748); and if F.(p) #0, 


Ber 
a= FO) (150) 


is known to be a particular solution. 


As an example, consider the equation 


ay | ie 
rian spapr = OC : (151) 


If a solution is assumed in the form 
y es Aen 
and substituted in (151), it leads to 


124e" =6e ”, 
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which is a true equation if, and only if, 4 = 4. It is easily 
seen that 


= cae (152) 


is therefore indeed a solution. 

As the statement of Theorem IV indicates, there is one 
exceptional situation in which this device for obtaining a 
particular solution does not succeed. When p happens to be 
a root of F,(p), the left-hand side of (149) is zero no matter 
what value 4 may have, and the equation cannot be satisfied. 
The trouble is, of course, that when p is a root of F,(p), (148) 
does not have a solution of the form assumed. In § 63 a 
method will be developed by means of which the correct solu- 
tion may be obtained even in this exceptional case. 

The very property which makes the case exceptional, how- 
ever, is of i immense importance in another sense. For the 
statement “When p is a root of F,(p), the left-hand side of 
(149) is zero no matter what value 4 may have” is equivalent 
to the statement “If p is a root of F.(p), Ze?” is a solution of 
the equation complementary to (148), no matter what the 
value of 4 may be”; and by means of this observation 
we may easily get the gevera/ solution of the complementary 
equation. For the equation F,(p) = 0 isan ordinary algebraic 
equation of the sth degree,! and therefore has s roots. If we 
denote these roots by pi, po, + - + , Ds, every one of the functions 


8 GOAN 5 


ay Ot Cie, 


ya 


is a solution of the complementary equation, no matter what the 
values of oi, a2,+ + +, a, may be. 


—_——S—AN ss ees 
‘It is often called the auxiliary equation of the differential equation (147). The 


reader will note that the complementary equation is a differential equation; while the 
auxiliary equation is algebraic. 
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Moreover, by the principle of superposition their sum 
y= ae?" + ase” qe ae (153) 


5 
aze a 
1 


II 
7 Me 


is also a solution; and since it has s arbitrary constants it 
must be the gevera/ solution, unless they happen not to be 
independent. A moment’s consideration serves to show that, 
in case any two of the numbers fi, po, - - - , ps happen to be 
equal, the corresponding terms in (153) can be combined. In 
such cases, therefore, the number of constants is effectively 
reduced, for, as we have noticed before, the sum of two arbitrary 
quantities is just one arbitrary quantity. This case of equal 
roots, however, is the only exception! to the statement that 
(153) is the general solution of the complementary equation. 
Hence we have the theorem: 


THEoREM V.—ZJf no two of the roots pi, p2,* + + 5 Ds 
of the algebraic equation 


F.(p) = 0 


are equal, the general solution of the linear differential 


equation 
d 
F(Z)9=2 


with constant coefficients and second member zero is the sum 
Dt 


of the s exponential functions oe", aze™;, --'- , a,e™™, 
the a’s being arbitrary constants. 


Suppose, now, that with these ideas before us we return 
to the matter of solving (147), upon the assumptions (a) that 
we know a particular solution of (147), and (4) that no two of 
the roots pi, f2,° °°» Ps of its auxiliary equation are equal. 
Then we can apply Theorem II and say at once that the 
general solution of (147) is obtained by adding to the particular 


1In this exceptional case the solution has a different form, which will be derived 
in § 62. 
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s 
solution the term X& a,e"", in which the a’s are arbitrary con- 


j=l 
stants. In particular, when the right-hand member of (147) 
is exponential, as in (148), a particular solution is always known 
in the form (150), provided the p in (148) is not els a root 
of F,(p). 
As a first example, consider again the equation (1 ES Its 
complementary equation is 


“2 + D4 ay =o. 

Upon assuming y = ae” as a solution of this complementary 
equation, it is found to be satisfactory if p satisfies the auxiliary 
equation 


PP Sp + 2 O, 


the roots of which are — 1 and — 2. Hence the solution of 
(151) due to zero is 

y= aie + aze **, 
Finally, making use of the particular solution (152) it may be 
said that the general solution of (151) is 


y=ae’ tae” +4e™. 
As a second example, consider the coon 
a°y 
BRE ae ao aie 7 4 2y=e° (154) 


which is identical with (151), except for the occurrence of an 
imaginary exponent. The particular solution of this equation, 
3iz 


found by assuming y = 4e””, is 


y= LE om, (155) 


130 
The solution of the complementary equation is 


& ee aie” + a2e~*”, 
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as before. The general solution is therefore 


Faas 9 ae 


y = aie * + ane” — 
130 


We may draw some rather remarkable deductions from this 
example. Returning to the particular solution (155), we may 
note that, since e*” = cos 3x + isin 3x, this particular solu- 
tion may is rewritten 


y = (— 759 0S 3x + 735 Sin 3x) 
+ i (— 78p cos 3" — zhp sin 3x). (156) 


However, since (154) satisfies all the conditions laid down in 
Theorem III, it follows that the real and imaginary parts of 
(156) are due to the corresponding parts of e*”. In other words 


JY =— Thy COs 3x + z¥q sin 3x 


is a particular solution of 


243% + 2y = cos 3%, 


a 
and 
y =— hy C08 3x — zhy SIN 30 
is a particular solution of 
d”y £ 
“J 4394 = sin 3x. 


To get the general solution we need only add aie” + ase” 
to these particular solutions, in accordance with Theorem II. 
Finally, we may wisely consider some examples of the 
exceptional cases to which our theory, in its present state of 
development, does not apply. 
If, for Bist: instead of (151) we had 


“2 ey 34 a ay = 6e~™, (157) 


the solution of the complementary equation would still be 


- —22 
y = ae oA + age 5 
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and it would still be true that by adding this to any particular 
solution of (157) its general solution would be obtained. But 
if we attempt to obtain a particular solution by the method 
which led to (150) — that is, by assuming the solution to have 
the form y = 4e~™” and substituting it in (157) — we are 
led to the equation 

A(4—-6+2) =6 
or 

o-d = 6, 


from which, of course, it is impossible to obtain 4. The 
trouble is, that (157) has no such particular solution. In fact, 
the desired particular solution is y = — 6x e~™, as we can easily 
see by trial, and therefore the general solution is 


= 9 pe 
y = ae * + ave” — 6xe ™. 


How this particular solution was derived, however, must remain 
unexplained for the present. 
Finally, if instead of (151) we write 

BF 4 

LE. pew we et 

S42 ty = 66%, (158) 
a particular solution can be gotten at once in the form (150). 
It is 

y= 22 

But as the roots of the auxiliary equation p? + 2p +1 =0 
are — I and — 1, the attempt to use the formula (153) as a 
means of obtaining the general solution of the auxiliary equa- 
tion leads to 


y=ae”*+arze” = (a +ae)e’, 


and since ai + az is itself no more general than a single con- 
stant, this cannot be the desired general solution. Instead, the 
desired general solution of the complementary equation is of 
the form (a1 + ax)e~*, as may be seen by trial; so that the 
general solution of (158) is 


y = (a1 + agxe” + $e-™. 


——— 
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§ 56. Linear Equations with Constant Coefficients ; Trigonometric 
Solutions 


The particular use that was made of the principle of decom- 
position in dealing with (154) is capable of a valuable generaliza- 
tion. Suppose it is desired to solve the equation ! 


F(Z) y = Bos (px — 9) (155) 


in which B and all the coefficients of the polynomial F are real. 
By the principle of decomposition the solution of (159) is the 
real part of the solution of 


(4) y = Blcos (px — €) +4 sin (px — «)], 


which may also be written 


@ — —te , tpr 
r£) Gene sate as 
As we already know how to solve this equation by the use of 
Theorems IJ, IV and V, except in certain exceptional cases, the 
solution of (159) can readily be obtained. The solution of 


(4) y = Bsin (px — «) (160) 


will be obtained at the same time; but of course, unless there 
is some reason to want it, it will be a useless by-product of the 
process. 

Although the conclusion at which we have just arrived 1s 
an immediate deduction from Theorems II, IV and V, it is of 
such immense importance in the study of vibrating dynamical 
systems to deserve a place as the sixth of our major theorems 
regarding linear equations. 


1 For the present it is not necessary to keep the order of the equation constantly in 


a\., : 
mind. Hence we may write Slee! instead of F's al 
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TueoreM VI.—The real part of a particular solution of a 
linear differential equation due to an exponential function 
Be”*~° is a particular solution due to B cos p(x — ¢) ; and 
the imaginary part of the solution due to the exponential func- 
tion, with the i cancelled, is a particular solution due to 


B sin p(x — €). 


Theorem VI affords quite the simplest known method 
of solving (159): that is, it is actually easier to solve both 
(159) and (160) together than to solve either of them separately. 
This fact may appear odd at first sight, but it has many 
counterparts in higher mathematics, for it is not infrequently 
simpler to deal with complex quantities than with real 
ones. In particular, many definite integrals, the values of 
which can only be found with difficulty by the elementary 
methods of the Calculus, can be evaluated quite easily 
by the use of certain properties of functions of complex 
variables. 

It is essential, however, to understand clearly just what is 
responsible for the success of the method in this case, and to 
that end two things must be especially noted. The first is 
the peculiar property of the exponential function e”: that when 
the operations indicated by (4) are carried out upon it, 
they merely have the effect of multiplying it by F(p). Because 
of this property the general solution: of any linear equation 
with constant coefficients due to a function of this form can be 
found in the form (150) by merely solving an algebraic equa- 
tion. This is the content of Theorem IV. The second is: 
that the cosine and sine are the real and imaginary parts of a 
complex exponential function; wherefore, by the principle of 
decomposition, the solution due to either may be inferred from 
that due to the exponential. 

It is this intimate relation between the trigonometric and 
exponential functions, coupled with the ease with which solu- 
tions can be obtained for the latter, which is responsible for the 
success of the method just explained. 
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As an example, consider the simple equation 


dy 


as + 2y = sin 3x, (161) 
in which 
a me 
ras pe me 


Since 7 sin 3x is the imaginary term in ¢*”, the solution of (161) 
can be obtained from the solution of 


d pia 3tz 
(J +2)9 ae 


This latter solution is 
ee 


aco as 


—22z 


312 
é 


Be Bie 

_ (2 a Rien 

pipes 
Hence, writing e*” in the form cos 3x + i sin 3x and _ picking 
out the imaginary term, the solution of (161) is found to be 


+ ae 


+ (a! + ia’) e-™, 


iL 


2 sin 3x — 3 cos 3x 


y — = + UY Saco 
PROBLEMS 
1. Solve (100). 
dy 
2. 72 +y=0 
d*y Edy, 
3 ave a I y ay SR: 
ah. ar=o 
4 ae? 
d'y 
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6. £86 Bt we e™, 

7: 449 —y = sine 

8. 72 + ay = sin + tin ge. 

9 oe + 160 = 6! 

fe) 5F + «= sin gt 

Ho Oe 6 TE 4 1 6S me 


12. Refer to Problem 10, § 5, and explain how the methods of the 
present chapter can be applied to equations of the form 


a ay oa d 
ane baie eae tee + ax 2 + aoy= f(x). 


13. What sort of function must /(*) be, if the equation in 
Problem 12 is to be altogether analogous to (148) ? 


d*y a*y d*y dy 
14. Sag kage A rela U7 xe. 
an ax d*x dx 
. f—— 28 -— 2 Pf — = 
18s WA Ota Oh ae + 12¢7 + 16% = cos (3 log“). 


§ 57. Electrical Circuit Equations ; “Transient” and “ Steady 
State” in the Simple Series Circuit 


The rules laid down in § 17 for the relation between current 
and electromotive force in simple electrical circuits lead to many 
linear equations of just the type with which we are now dealing. 
The purpose of the present section is to further illustrate the 
principles which we have so far developed, and in particular 
to give concrete physical significance to the two parts of our 
solution — the particular solution due to f(x), and the general 
solution due to zero— about whose separation from one 
another there must still be somewhat of an air of mystery. 
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For this purpose we choose first the very simplest illustra- 
tion possible. Suppose an inductance of unit magnitude, and 
a resistance of magnitude 2, are connected in series, and suppose 
that at the instant ¢ = o an electromotive force of the form 
sin 3¢ is impressed upon them. Then, by the rules of § 17, we 
find that the differential equation governing the flow of cur- 
rent is 


dl I : 

oF + 2f = sin 3¢. 
This equation is identical with (161), the general solution of 
which has already been found to be 


2 sin 3¢ — 3 cos 3¢ 
13 


[= + ae, 

We still need a boundary value by means of which to deter- 
mine a’. It may readily be found by the following line of 
reasoning: Up to the time ¢ = o the circuit was in idleness. 
That is, there was no electromotive force, and therefore no 
current was flowing. So just before t = o the value of J was 
zero. When the electromotive force was applied, the current 
either rose gradually from zero, in which case the boundary 
condition is obvious, or else there was a sudden jump at ¢ =o. 
The former is the correct assumption. For a sudden jump 
means a finite change of current during zero time, which is 
equivalent in the physical sense to an infinite value for os 


and therefore for a+ 2I also. This latter, however, must 


equal the applied electromotive force at the instant ¢ = o and 
cannot be infinite. Hence it follows that there can be no 
sudden jump in J at ¢ = o. 

We must therefore determine a”’ so that J shall be zero when 
t = 0, thus arriving at the desired particular solution 


2 sin 3¢ — 3 cos 3¢ a yao (re) 
13 13 


This solution consists of two parts: the particular solution 


jee 
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2; sin 3¢ — 335 cos 3¢ due to the electromotive force sin 3¢ which 
has no arbitrary constant in it, and is therefore entirely inde- 
pendent of the boundary conditions; and the solution due to 
zero, ae", which takes care of the boundary value and which 
would be of the same form no matter what the magnitude of the 
driving force might be, though of course the particular value 
of the constant a’’ might be something else than 3°5 if we 
changed the electromotive force.!_ In the language of electrical 
engineers the first of these is called the “‘steady-state” term 
and the other the “transient” term. Let us see why these 
names are appropriate. 

Consider first the last term of (162): that is, the 
“transient” one. As /¢ gets larger and larger this term becomes 
smaller and smaller, until finally it is no longer of practical 
consequence. In a very real sense, therefore, it represents a 
“transient current” — one which appears at ¢ = 0, but soon 
disappears again. 

The first term, on the other hand, is the sum of a sine and a 
cosine function, and therefore represents a sine wave with the 
same period as the electromotive force, and with an amplitude 
1/13. Beginning at ¢ = 0, it keeps on as long as the electro- 
motive force is sustained. Hence, after the transient has died 
out and conditions have become “steady,” this current holds 
the field alone. That is why it is called a “steady-state” 
current? 

Next, let us see what would occur if, after the electromotive 
force had been operating for a time, it were to be discon- 
tinued. To be explicit, let the time at which this takes place be 


1 For example, if we had an electromotive force 2 sin 3¢ instead of sin 3¢, a” would 
be +f. 


*This term “steady-state” is only applied to the particular solution due to an 
electromotive force of simple harmonic type, or to the superposition of the solutions 
due to a number of such electromotive forces which happen to be acting simultaneously. 
That is, we might speak of the “‘steady-state”’ current due to the force 


E = sint + 3 cos ¢ + 6 sin = (t— 2); 


but not due to the force E = ¢, 
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4% = 17/6. The circuit is still described by the same differen- 
: al 
tial terms ef + 2I as before ; but we now need the solution due 


to zero only, for there is no longer any electromotive force to 
consider. That is, the current must satisfy the complementary 
equation 


al 
py oth 


together with a suitable boundary condition. To obtain this 
boundary condition we find, by substituting ¢ = 1771/6 in (162), 
that the current has a magnitude ;2; at the instant when the 
electromotive force is removed, and by the same argument as 
was used above, it cannot change abruptly. Hence from this 
time on the current must satisfy the differential equation 
. +2I =0, 

together with the boundary value J = 32; when ¢ = 177/6. Its 
equation is therefore] = 32; e*"~™. As time passes it becomes 
smaller and smaller and ultimately disappears: it, too, is a 
transient term; the steady-state term has disappeared. The 
transient terms are, then, currents which might exist in the 
absence of any electromotive force. 

In Fig. 39 are shown, both the electromotive force assumed 
in this illustration, the steady-state and transient terms 
separately, and finally the complete current. 

As a second example, let us consider the general case of an 
inductance, resistance and capacity in series. From the rules 
of § 17 we obtain for this case the differential equation 


dx Xo 


Lp (Gh 


dx 
ca R ap Sie a EG), 
or if x is replaced by the charge on the condenser, which is 
x + Xo = 9; 


LE ace ak a a 
Lia tRa+G= EO. (163) 
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The general solution of this equation, too, consists of a 
“steady-state current” due to E(é), and a “transient current”’ 
determined by the boundary conditions. To determine the 


1 Electromotive Force 


1 Steady-State Current 
13 


Transients 


1 Current 


V13 


Fic. 39. — TRANSIENT AND STEADY-STATE CuRRENTS. 


form of the latter, we need only find the roots of the auxiliary 
equation 


Lp? + Rp + 2 = 0. 
Obviously, they are 
R R? I 
PES Saar Nas aati ae 
pare ee. I 
7 ae ; 
Pa > ae 
Then the most general solution ‘‘due to zero” — that is, the 


most general g which could exist in the absence of an electro- 
motive force — is 


g= ae + we™. 
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As I is the first derivative of x and therefore also of g, the 
general expression for the transient current is 


= a pie” —- a2 p2 eres (165) 


Let us see what we can learn about this transient current. 
Suppose, to begin with, that R?C < 4Z, in which case the 
radicals in p; and p2 are imaginary. Then each term of (165) 


contains a factor e” 2t' which decreases as time goes on and 
ultimately vanishes. The remaining factor may be denoted 
by apie” + azpoe~™, where 7 is the real number 


I R2 
ION TCT 
But as 
e™ — cos it +7 sin Ht 
and 


em = cos 7t — i sin Nt, 
this factor may be changed into 
(a1 Pi + a2 p2) cos mt + 7 (a1 pi — a2 p2) sin Ht. 


In appearance this consists of a rea/ cosine term of frequency 
n/27r, and an imaginary sine term of the same frequency. But 
this appearance is deceptive, for p: and pz are complex, and 
a and a2 may be. In fact, due to the presence of the arbitrary 
constants ai, and a, the coefficients aipi + a2p2 and 
i(a1p1 — a2P2) are purely arbitrary, and might as well be 
denoted by two new constants, a and 4 In any physical 
problem a and 4 would of necessity be real, since physical 
quantities are never complex, but in a general mathematical 
sense they need not be. In either event the factor in question 
takes on the appearance 


acos mt + bsin 7. 


Hence the entire transient solution (165) consists of a 

sinusoidal term of frequency 7/27, multiplied by the amplitude 
R . . 

factor e 22°. That is, the transient current is a sine wave of 

constantly decreasing amplitude, or as it is commonly called, 
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a “damped sine wave.” The frequency 7#/2m with which it 
oscillates is known as the “natural frequency” of the circuit, 
for it is the frequency with which the circuit oscillates when it 
is allowed to oscillate “naturally,” that is, without the com- 
pulsion of an imposed electromotive force. 

All this is on the assumption that R?C < 4L. In order to 
see what changes take place when this condition is violated, 
it is instructive to consider how the frequency 7 changes as R 
becomes larger and larger. Since 


=, “i I R? 

Pe NEG RL? 
it follows that 7 becomes smaller and smaller, and consequently 
the oscillation becomes slower and slower until, when 
R?C = 4L, it ceases entirely. Another way of stating the 
same fact is to say that “increasing the resistance of a circuit 
lowers its natural frequency.” 

If R is increased still further the radicals in (164) become 
real numbers,! so that both pi and p> are real and negative, 
but not equal. Under these conditions each term of (165) 
is a negative exponential, which vanishes without oscillation as 
time goes on, just as did the transients of Fig. 39. This condi- 
tion is generally described by saying that the circuit is “critic- 
ally damped.” As R is increased more and more p2 becomes 
larger and larger (in absolute value), and p: becomes smaller 
and smaller. That is, increasing the resistance causes one 
transient component to die out more and more rapidly, and 
the other more and more slowly. 

So far, our argument has dealt only with the transient 
current. But the application of Theorems IV and VI to 
(163) gives us also the steady-state current due to a driving 
force of the very important type E = Ey cos nt. Replacing 
E = Eo cos nt by 

E = Ey e™, (166) 


* When R°C is exactly equal to 4Z, pi and pz are equal, and a different form of 
solution is necessary, as has already been said in § 55. 
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of which it is the real part, (163) becomes 


dq dq 
Lye 3h ep 


= * = Eo ens 


a particular solution of which is 


Eo je! 


aera sag gs 
Rig — Ln? 


or 
int 
ips RA (167) 
Lin + R+—— 
Cin 
The real part of this quantity, when added to (165), gives the 
most general current which may flow in the circuit in response 
to an alternating electromotive force of the cosine form. The 
separation of this real part from its attendant imaginary term 
is left as an exercise for the reader. 
It has already been noted that the transient component 
dies out as time passes. Therefore, if the electromotive force 
is long sustained, the current in the circuit reduces sensibly 


to the real part of (167). This therefore is the “steady-state” 
current produced by the alternating driving force Eo cos mt. 


§ 58. Circuit Equations; Impedance 


It is the purpose of this section to show the intimate associa- 
tion between the ideas so far presented in this chapter and 
certain common concepts in electrical theory. For this pur- 
pose, however, it will be necessary first to outline these physical 
concepts. 

We have seen that, in the examples considered in § 57, the 
current produced by a sinusoidal electromotive force was itself 
sinusoidal after the transient terms had disappeared. Indeed, 
this is true of any sort of electrical circuit which obeys a linear 
differential equation with constant coefficients, as we can 
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readily see from Theorem IV. Now, any such sinusoidal 
electromotive force or sinusoidal current is characterized by 
three properties: frequency, amplitude and phase; hence, so 
long as we are interested only in “steady-state” conditions we 
may adequately describe our circuit by telling how these three 
characteristics of the current are related to the corresponding 
characteristics of the electromotive force. All these things, 
we shall find, can easily be learned from a study of equations 
(147) to (150). 

Now that we are definitely committed to an electromagnetic 
interpretation, however, let us replace y by J, x by 4, and f(x) 
by (A) in these equations, in order more vividly to suggest 
their physical meaning. Then we may say: Jf any electrical 
circuit is of such a nature that its behavior is adequately described 
by the linear differential equation 


r(4) I = E(, 


and if the electromotive force E(t) 1s either the real or the imag- 
inary | part of an exponential function 


EQ) = Biers (168) 


then the steady-state current to which this electromotive force gives 
rise is the real or the imaginary part of the particular solution 


B em 
- F(in) oe (169) 


Let us first consider the equation (168) and find out what 
factors in the equation correspond to the terms “frequency,” 
“amplitude” and “phase.” For this purpose, however, we 
must separate out the imaginary part of (168) ; and in doing 
this we must give attention to the possibility that B is itself a 


* The technical concepts with which we are about to deal were all originally devel- 
oped in terms of sine functions. For this reason, we shall hereafter speak only in 
terms of imaginary parts of our solutions. Our argument could, of course, be carried 
through in terms of cosine functions if we desired ; but it would require the introduction 
of a negative sign in one place in what would appear to be an entirely arbitrary fashion. 
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complex number. Suppose we write it at once in the polar 
form 


B = Eo Cn 


as we shall find it most convenient to do in the end, thus con- 
verting (168) into the form 


EG) = Bye??? 


in which £o, # and eareall real.! In this form, the imaginary 
part is easily picked out, and is 


ONES WANA. Py. 


Now the reader well knows that the amplitude of such an 
oscillation is Eo, that it repeats itself 7/2 times per second, and 
that its phase is «. Hence we see at once that 


(a) If the constant B which multiplies a complex exponential 
such as that in (168) is written in the polar form B = Eo e“, the 
oscillation defined by (168) has an amplitude £o; 


(4) It has the phase e¢; 


(c) Its frequency is #/27. 


Now we turn our attention to (169), and, since F(iz) may 
also be a complex number, we write it in the polar form 
F(in) = Zoe“. Then we have 


ff = Fo eitite-e) 
Lo 
We see at once that: 


(a) The frequency of the current is the same as the frequency 
of the electromotive force. 


(4) Its amplitude is proportional to the amplitude of the 
electromotive force, the factor of proportionality being the 
reciprocal of the absolute value of (7). 


1 If m were complex, its imaginary part would correspond to a damping term, as we 
have seen in § 57, and the electromotive force would not be “steady-state.” 
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(c) Its phase is « — ¢’; that is, it differs from the phase ¢ of 
the electromotive force by the angle e’ which appears when F(z7) 
is written in the polar form. 


In the study of electricity the ratio of the electromotive 
force to the current which it produces (that is, Z/J) is called the 
impedance of the circuit. This gives us the rule that the 
impedance of the circuit is (in). 

There are two other terms in common use in electrical 
theory for which we can easily find mathematical expressions 
in terms of this same function F(iz). To arrive at them most 
easily, we shall suppose that time is measured from such an 
instant that the phase of the current is zero. This, of course, 

/ 


means that e = e’; whence the electromotive force and current 
must be 
E = Eosin (wt + &), 
Eo (170) 


Te sin “ft: 
Zo 3 


the former of which is readily thrown into the form ! 
E = (Eo cos e’) sin mt + (Eo sin e’) cos vt. (¥71) 


In this form the electromotive force appears as the sum of two 
parts: one, of amplitude Eo cos e’, having the same phase as 
the current; the other, of amplitude Zo sin e’, differing in 
phase by go°. It is customary in electrical theory to call the 
amplitude ratio of the in-phase component the “resistance” 
of the circuit, and the amplitude ratio of the out-of-phase 
component the “reactance” of the circuit, respectively, both. 
these ratios being formed with the electromotive force in the 
numerator and the current in the denominator, as in the case 


If we were speaking in terms of cosine functions, the corresponding expansion 
would have a negative sign before the second term. We would then be forced to define 
Y (below) as the negative of a certain ratio. The reason is, that the out-of-phase 
second term in (171) /ags go° behind the in-phase first term; whereas, if the first term 
were a cosine and the second a sine, the second would /ead the first. As the definition 
of reactance is set up on the basis of an electromotive force which lags behind the 
current produced by it, a negative sign would be necessary to correct this defect. 
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of the definition of impedance. Hence, denoting resistance 
and reactance by X and Y, respectively, we obviously have 


X = Zo cose’, 
Y = Z sin €, 
X + iY = Zoe“ = Flin). 


In other words: The resistance of the circuit is the real part of 
Fin) and the reactance is its imaginary part with the i sup- 
pressed. 

The important part which the function F(iz) plays in this 
whole theory is obvious: It itself is the impedance of the cir- 
cuit; its angle is the phase difference between electromotive 
force and current; its real and imaginary parts are the cir- 
cuit’s resistance and reactance, respectively. In it, in other 
words, are contained all four of these physical factors. Because 
of this, electrical engineers are coming to deal more and more 
in terms of the complex quantity F(in), instead of the various 
real quantities into which it may be resolved. In the light 
of our studies we can easily define it as follows: 


The impedance of a circuit which obeys the linear differential 


equation 
Ve © MY 
r(4) res 


is obtained by replacing é by in wherever it occurs in (4); 


in other words, it is F(in). 


PROBLEMS 


1. Obtain the general solution of the circuit equation for a resist- 
ance and capacity in series. Discuss the natural frequencies. 


2. Obtain the general solution of the circuit equation for an 
inductance only in series with a periodic electromotive force. What 
is the natural frequency? Discuss the types of current that might 
flow in the absence of any electromotive force. 


3. Obtain the general solution of the circuit equation for an 
inductance and capacity in series with a periodic electromotive force. 
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What is the natural frequency? What type of current might flow in 
the absence of electromotive force? How long? 


4. Assume, in Problem 3, that the circuit is at rest at time ¢ = 0, 
; : d. 
at which the EMF is imposed. That is, when ¢ = o both J and on 


are zero. What sort of current flows? When is the steady state 
reached ? 


5. The resonant frequencies of a circuit are the frequencies for 
which the absolute value of the impedance | Zj is a minimum. 
These are the real physical frequencies at which a given force will 
produce a greater steady-state current than for any nearby frequency. 
Find the resonant frequencies for the general circuit discussed in 
§ 57. Are they the same as the natural frequencies? 


6. If an open circuit containing a charged condenser, an induct- 
ance and a resistance in series, is connected to an oscillograph and 
then closed and an oscillogram taken, will the frequency of oscillation 
be the natural frequency or the resonant frequency? How would 
you go about obtaining the other experimentally ? 


7. A constant electromotive force is applied at time ¢ = 0 to the 
general circuit of § 57. Find the current upon the assumption that 
the circuit was at rest until that time. 


(Hint: A constant Ey may be written Eo eo.) 


8. It is not necessary that the E(¢) on the right-hand side of 
E(t) 


our differential equation should be capa- 
ble of a simple algebraic expression. It 
might, for example, be represented by 
the pair of straight lines shown in Fig. 
40. Find the current that would flow 
through a resistance and inductance in 
series, if the electromotive force were of 
this form. 


Fic. 40. 


g. The differential equations used in § 57 were all of such a nature 
that the exponential “damping factors” which occurred in the 
transient solutions were all negative: that is, the solutions were 
always of the form e~™ cos 7 rather than e+™ cos7t. This was 
quite justifiable, physically, since stable dynamical systems never 
give rise to the latter type of solution. Suppose, however, that a 
circuit did obey the differential equation 


aI 


Be dO: 
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Discuss the current that would be produced by an electromotive 
force E = sin ¢ applied at time ¢ = o. 


§ 59. Operational Methods ; Factorization of Operators 


There are in mathematics, not only symbols for quantities, 
but symbols of operation as well. Thus 2, 3, x, 2 are numbers 


or quantities, while +, —, £,{. - + dx, are obviously sym- 


bols of operation, or operators.! Mathematical methods which 
transform symbols of operation from one form to another are 
known as operational methods. That is, operational methods 
are those which involve manipulation of operators rather than 
manipulation of quantities. 

The operator which is of most fundamental importance in 
the study of differential equations is aes which may be denoted 
by p when it is desired to call special attention to its operational 
character.2 As it denotes a differentiation with respect to the 
independent variable, two such differentiations in succession 
would naturally be indicated by pp, or p?. In operational 


; Be Pe ; 
notation, therefore, a second derivative = would be written 


p’y, a third derivative p?y, etc. Likewise any linear differen- 
tial equation with constant coefficients would be written 


F(p) y = f(x). (172) 
This equation means exactly the same thing as (147) ; the p 


is merely shorthand notation for —. Yet it looks very much 


dx 


1 They may be distinguished from one another by the simple rule that symbols of 
quantity, like nouns, have a definite significance when standing alone; while an 
operator must have its meaning completed by an accompanying quantity, just as a 
transitive verb requires an object. Thus 2 or x represent complete ideas, just as 


d : : 
“house” and “monkey” do; while + or of do not until symbols of quantity are 
Me 


r be 
attached to them in some such form as x + 2 or a just as “make” does not, though 
is) > fi 
“make noise”’ does. 


2In pure mathematics a more usual symbol is D. 
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like the algebraic equation (149) in which p was merely a 
number. Broadly speaking, the essence of the operational 
method is to treat the equation as if p were a number; but of 
course only in so far as it is possible to prove that this procedure 
leads to correct answers. 

Now, how would (172) be solved for y if p were a number? 
Why, simply by dividing the equation through by F(p) to give 


_ fe) 
F(p) 


By analogy, this is called the “operational solution” of (172). 


The symbol 7 a 


and is often written F-1(p). It is a sort of generalized sign of 
integration and indicates the performance of all the processes 
necessary to solve (172). 

For example, in the simplest possible case where F(p) = p, 


(172) 1s 


(L7y 


is called the “inverse” of the operator F(p), 


dy _ 

dx = f(x), 
and (173) may be written either as 

I(x) 
=i Ste, T 

Mie is (174) 
or as 

y =f fs dx. (175) 


Both mean exactly the same thing. From one point of view each 
is a command to integrate f(«), and either command is futile 
unless it can be obeyed. Yet in the case of the ordinary 
integral notation it is altogether customary to think of the 
command as already having been performed and to talk of 
(175) as the result of the integration, whether it can be obtained 
or not. It is obviously just as permissible to so regard (174) 
also, for it is merely (175) written in another sort of notation. 
If we adopt the same attitude toward the less familiar form 
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(173), we come to the conclusion that, since the solution of 
{£0 fe). 
F(p)’ F(p) 
Perhaps an illustration may give point to the idea. The 
equation 


(172) has been calle is the solution of (172).} 


a Ce 
dx a 
may be written as 
I 
(p-i)y= . 


Similarly its solution may be expressed in either the usual form 


y=ae+ eft Cake. (176) 


or, in the operational form, 
Ped 


(p — 1) x" 


Neither one can be expressed in terms of the elementary func- 


a (177) 


sah 


e ; tet 
tions, for ce has no elementary integral; it is mere sophistry 


to call (176) “the solution of the differential equation”’ unless 
there exists some way of getting a numerical answer; and it 
is mot mere sophistry to call (177) a “solution” if there exists a 
way of evaluating it. Nor are these assertions affected by the 
fact that one notation is familiar and the other not. Once we 
have a way of using it, we have just as much right to call one 
a solution as the other. It is exactly to the finding of such 


! This argument is singularly like the one by which the Lord High Executioner in 
The Mikado, who has released a prisoner and then made affidavit to the fact of his 
execution, justifies his perjury: 


It’s like this: when your Majesty says, “Let a thing be done,” it’s as good as done,— 
practically, it is done, — because your Majesty’s will is law. Your Majesty says, “ Kill 
a gentleman,” and a gentleman is told off to be killed. Consequently, that gentleman ts as 
good as dead; practically, he is dead, and if he is dead, why not say so? 


It is also singularly like the statement that the solution of the equation y = 107 


is “= logio y- 
Whether either is absurd depends entirely on what can be accomplished by such 


\ 


paralogism. 
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methods of interpreting and using operational solutions that 
the next few sections will be devoted. Of course, by ways of 
evaluating operational solutions we mean right ways; that is, 
ways that give correct answers; for methods which led to 
incorrect answers, or which sometimes led to incorrect answers, 
would be worse than no methods at all, unless we were aware 
of their limitations. So we shall be forced to spend a part 
of our time in assuring ourselves that what we are doing 1s 
not merely plausible, but right. 
To begin with, we shall prove 


Tueorem VII.— When dealing with linear differential 
equations having constant coefficients, the operator p obeys 
the ordinary algebraic laws of addition, subtraction and 
multiplication. 


The proof that the first two laws are obeyed is almost 
trivial : 
ag = dy 
becomes in operational form 


(ap + Bp) y = (a + 8B) py, 


which proves the associative law for a first derivative, and 
similar statements can be made if the derivatives are of higher 
order. 

The third point is only a little more involved. If 


d 
“=a + By, 


straight differentiation shows that 
vo 
alas Oe ya 52 ee (yB + ia) 2 TOBY. 


In Rare form these become 


u=(ap+B)y 


and 


(vp + 8) u = [yap? + (vB + da) p + 86] y. 
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Substituting w from the first of these into the second gives 


(yp + 8)(ap + 8) y = [vap? + (vB + ba) p + dB] y; 


and it will be found that when the operators in the first term 
are multiplied algebraically they give the second. This is the 
required “proof,” for it says that what we get by treating the 
operational factors algebraically is right. Of course, it applies 
only to /inear factors, and only to ¢wo of them; but the exten- 
sions to the product of a polynomial of any degree by a linear 
factor, and then to two polynomials is mere routine. In par- 
ticular if s linear operators are multiplied, a polynomial operator 
of the sth order will result. 

What is more important, however, is that this process can 
be reversed and an sth order expression factored in s first order 
terms. For suppose such an expression 


Fip)=ap+ai.p +--+ +apta 


has been factored into ! 


Gp) (P —fa) - * -'(P = fs); (178) 


just as if it were algebraic. It is known to be permissible to 
recombine these linear factors by direct multiplication, and as 
this legitimate process produces F,(p), (178) must be equivalent 
to F,(p) in an operational as well as an algebraic sense. Thus 
we have 


Tueorem VIII.— 4 linear differential operator of order 
s with constant coefficients may be replaced by s linear 
differential operators of the first order, just as if it were an 
algebraic expression. 


For example, the operator p? +1 can be factored into 
(p + i)(p — i); therefore the same result should be obtained 
by adding to a function its own second derivative, as from first 


1Tt must be clearly understood that the pi, po, + * + , Ps are not operators. They 
are the numbers, real or complex, which are found as the roots of Fs(p) =o. Itis 


only the p without a subscript which represents a 
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forming the quantity 2 — iy, and then adding 7 times this 
quantity to its own derivative. The reader will find his ideas 
somewhat clarified by actually performing these operations 
upon a few functions, such as y = x”, y = sin wx, and the like. 

The next point which should be noted in connection with 
this process of factorization is, that the order in which the 
linear factors are written is immaterial. This follows at once 
from the fact that (178) has been shown to be a satisfactory 
operational form of F,(p), whenever its factors are satisfactory 
in an algebraic sense, and in an algebraic sense the order of 
the factors is known to be immaterial. In other words, the 
commutative law of multiplication is established. 


§ 69. Operational Methods ; The Use of Factorization in Solving 
Linear Equations 


To understand the use which may be made of factorization, 
consider the differential equation ) 


| 
= 
SS 
| 


= Cy (179) 
or 
(Pb 1) y= €. 
Assume this to be rewritten as 
(p12) pe 2) western e 


and introduce the symbol y; for the quantity (p — 7) y. Then 
(179) becomes 


I 


(p +9) yi Ce 


or, in derivative notation, 


Aye ne 
me ar ae 
This is a linear equation, the solution of which is 


e* 


I+7° 


y= ae w+ 
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But by definition 
(p ne 1) y = V1y 


or, in derivative form, 


CS SS ae e” 
Vie ae” apieerurrs 


This again is a linear equation, the solution of which is 


a 


x 
y = Be™ = pe + va 
oy] 2 


Thus (179) is completely solved. The same result could have 
been deduced by the method of § 55. 
In general, (172) may be written as 
a\p — pi)(p — pr) - - (p= p.) y =f), (180) 
and the following definitions adopted : 


PEP) 5 
(p = Dea) Wee Noein 
(p — p2) ya = ya. 
Then (180) becomes 
a(p — pr) y2 = f(x). 


In derivative notation, each of these is a linear equation. 
In particular, the last is 
dy2 
Fa OP 
pe ay 


and has the general solution 


OD 07 ( en 415 L fem f(x) de). (181) 


The next preceding one is 


ee) 


and therefore 


ys = e™ (a2 ae fem, ds), 
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But as ye is already known from (181), this may be rewritten 


yg =e (a: +- (eo (a Ss — fer f(x) dx) de), 


By continuing this process y will dnally be found in the form 


y= (a tfery, a) 
= alert ferrr(an., +.-- («1 thf rye) dx) son Ja). 


(182) 


Thus a new method of solving linear equations has been found. 
Moreover, it can be used in finding the solution due to any function 
J (x), not merely in finding those due to exponential functions, as 
was the case in § 55. The’only requirement is, that the indi- 
cated integrations can be carried out. 

As an example of a solution that could not be obtained by 
the methods of §§ 55 and 56, consider the equation 


dy dy bs ae 

ded ide ae ~“ 
This can be written Ke 

(p+ 2p +1) y =. (184) 


Calling (p + 1) y = 2, (184) becomes (p + 2) yo = x?, whence, 
in derivative notation, (184) is equivalent to the two first 
order equations 


dys . 
yet Oa 
hae 
ax gate 


The solution of these equations in order gives 


—=2 —2 9 < 
yo=me +e *f x02 de 
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y=ore* +e "| ye" dx 


i —2: oe =i 
(26° —me Re ‘fe *f ate™ de de, 


This expression is easily evaluated. 

[t can easily be established that the s arbitrary a’s in (182) 
are all independent. Hence (782) may be regarded as a formula 
representing the general solution of any linear equation with 
constant coefficients. If we separate it into two parts — one 
containing all the terms in which the a’s appear, and the other 
the term 


Ego f gine r-roe < Lf eo-m= f om f(s (dx)$ (185) 


which has no a’s — it is at once obvious that (185) must be the 
particular solution to which reference is made in Theorem I], 
and the remaining terms must constitute the general solution 
of the complementary equation. Now this is important; for 
our present results do not in any way require that all the roots 
p; be distinct, as did the results stated in Theorem V. They 
could, therefore, be used to supplement Theorem V and find 
our solution “due to zero,” even when repeated roots occurred. 
Actually, however, we shall find the algebra a bit less involved 
if we postpone this phase of the argument until § 62. 

We must remember, then, that both (182) and (185) are 
true whether the p;’s are distinct or not. One gives the 
general solution of (172); the other a particular solution. If, 
however, the p,’s happen to be distinct, we can add to our 
particular solution (185) the terms required by Theorem V, 
and thus arrive at a form of the general solution which is some- 
what simpler in appearance than (182). It 1s 


,= >> aye + ETF feecvoe . Lf ef) (dx)*. (186) 
j=l s 


The only essential difference between (182) and (186) 1s, 
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that the latter is true on/y if no two p;’s are equal, while the 
former is always true. 


§ 61. Operational Methods; The Use of Partial Fractions in 
Solving Linear Equations 


There are other algebraic transformations of F,(p) which 
lead to solutions of complicated linear equations, just as fac- 


torization did in § 60. For example, ED may be split into 


partial fractions. That is, the operational solution 


I= Flo (173) 


may properly be rewritten as ! 


Gr C2 Gs 
2 5 oo Oe ee ) 
: Pes P—p romary 


or, in shorthand notation, 


s§ 


Cj 

y= I (*). (187) 

j=l P — Pi 4 

Of course, if such an expansion is to be valid in general, 

it must be valid in the simplest case: that is, when F,(p) is 

of the first degree. But then there is only ove term in the 
partial fraction expansion, which becomes merely 


Cj 


I(x). (188) 


ee 
The differential equation to which this corresponds is 
dy; 
Fel eae aI: (189) 


and its solution is 


hilar ea tr cif ef) ds), (190) 


‘In this section it is assumed that no two roots of F,(p) are equal. For the case of 
repeated roots, see § 62, 


§ 61. PARTIAL FRACTIONS 187 


Hence if (187) is to have a correct interpretation in general, 
each term must be replaced by an expression of the form (190). 

Suppose, then, that y is assumed to be the sum of 5 terms, 
each like (190), and that this sum 


y= By (191) 


is substituted in the left-hand side of (172). If (191) is a solu- 
tion, the result of the substitution should be equal to /(x). 
What is actually obtained, of course, is 


UFO) Vig (192) 


and the problem before us is therefore to show that this is 
actually equal to f(x). 

With the aid of what is already known about operational 
methods, this is not difficult. For, in the first place, the F.(p) 
in each term of (192) may be factored and the factors written 
in any desired order (Theorem VIII). In particular, the factor 
p — pi may be written last (that is, next to yi) in the first 
term; the factor p — ps last in the second (so that it is next 
to y2), and so on. Suppose that this is done, and that the 
expressions 


EUS tae Ciaran 2) Pd ate 
are replaced by the quantities 
Cif), (2%), 7 
to which, by (188), they are known to be equal. Then (192) 


becomes 
tap psp" ps) > (p — p,) 
+ t2.4.(p — pi)(p — ps) - - - (P — Ps) 
+ c.a(p — pi)(p — po) - > - (DP — po-r1)I f(x). (193) 


This is the result actually obtained by substituting (191) 
in (172). If it can be shown to equal f(x), it will follow that 


\ 


188 ELEMENTARY DIFFERENTIAL EQUATIONS 


(191) is indeed a solution. Now it is known to be allowable to 
combine the terms inside the brackets just as if they were 
algebraic, hence it is sufficient to show that this bracketed 
expression reduces to unity when treated as an algebraic 
polynomial. 

To show that it does reduce to unity, go back to (187), 


where was supposed expanded in partial fractions. It 


eee 
F(p) 


was there assumed that 


I C1 €2 Cs 
RQ) p-mn  Pee P= pe 


is a true algebraic equation. Let it be multiplied, member by 
member, by 


F(p) = a.(p — pi)(p — pr) - - - @ — P.). 


The result is obviously unity on the left side, while the right 
side becomes the bracketed term in (193). It follows that 


: : I 2 
the partial fraction expansion of FE) really leads to a solution 


-j 


of (172), provided every term of the form F(x) ts replaced 


ree € 
by the y; given in (£90). Moreover, this solution is the general 
solution of (172), for it involves s independent constants. 
It is a simple matter to write the general solution to which 
this process leads. It is : 


s 


s 
y= Lae" + Dee m { 69 fl) dx. (195) 
jal f=1 

Like (186) it requires s separate integrations ; but unlike (180) 
they are not “repeated integrals.” In both cases, however, 
the roots p; must first be known. 

The application of this theory to particular problems is 
generally much simpler than its explanation has been. As an 
example, consider the differential equation 


(p +2)(pt dy = 2%, (184) 
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which has already been solved in §60. Here 
Lix(p) = (p + 2)(p + 1) 


and therefore 


By adding together the solutions of 


(p+ 1) y1 = x? 
and 


(p+ 2) 2 = — #2, 


the general solution is obtained at once in the form 
y=ae’ +ae"+ alba dx — ag ex dx. (196) 


When the integrals are evaluated they lead to the same result 
as before. 

As the final outcome of §§ 60 and 61 the following theorem 
may be stated: 


THEOREM [X.— When a linear equation with constant 
coefficients is written in the operational form F.(p) y = f(x), 
it is permissible to subject the operator to factorization ; or 
f(x) 
F.(p) 
disintegration, provided that every partial fraction thus 
obtained is interpreted as the solution of the linear differential 
equation to which it itself corresponds. te 


to subject the formal solution y = to partial fraction 


So far, of course, the theorem has only been shown to be 
true provided all the roots p; are distinct, but this restriction 
will be removed in § 62. 


PROBLEMS 


1. Complete the evaluation of the two solutions of (183) found 
in §§ 60 and 61. Are they identical? 
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2. Evaluate the operational expressions : 


(4) yap cae 
OQ 9s 
Oy rere 
@) y=. 


3. Solve Problems 6 and 7 of § 56 by the formula (186). Do you 


obtain the same solutions as before? 


4. Solve the same problems by the formula (195). Which method 
do you prefer, the one resulting in (186) or the one resulting in 
(195)? 

5. Solve Problem 7, § 58, by the methods of §§ 60 and 61. 


6. We have seen that the transient current dies out in the circuit 
of Problem 5. Hence any transient necessary to satisfy boundary 
conditions at ¢ =— co must be zero at all finite times. If, however, 
we regard the f(¢) of our problem as being defined for all time by the 
two equations 

140) eR LAS J) 
J® =, ¢>0, 


we will have no physical conditions to satisfy at any time except 
t=— oo. Therefore the correct answer to our problem ought to 
be given by the particular solution of either (186) or (195). 

Find the solution in this fashion, and see if you can check the 
result of Problem 5. 


7. Solve Problem 8, § 58, by (186) and (195), assuming as the 
definition of f(x) the four conditions 


I(*) = 9, x <0, 
J(*) = *; O<.4% <4, 
f(s) =2—-—4, Dy coe 
I(x) = 0, Aas 


8. By parallelling the essential arguments of this chapter, develop 
an “Operational Theory of the Solution of the Cauchy Linear 
Equation.” 
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§ 62. Repeated Roots 


We have assumed, both in the statement of Theorem V 
and in the development of Theorem IX, that all the roots of 
the function F,(p) were distinct. Actually, Theorem V is false 
unless this condition 1s satisfied; but Theorem IX is really 
true in any case, as we shall now see. 

To be specific, suppose three roots are equal and denote 
them all by p:. Then, as is well known, the partial fraction 
expansion (187) should be replaced by 


_ Sx) - ( A AO ae a ee 
A) PP se (p= pi) v (p—pi)? 3 


in which the unwritten terms corresponding to the roots 
P14) Ps °° * Ps, are of the same form as before. It is reasonable 
to suppose that the first three terms should represent solutions 
of the equations 


; ) fe) (197) 


P-p) nm =af), 


(p — pi)? y2 = 02 f(x), (198) 
(p — pi)? y3 = 03 f(x)5 
that is, of 
d 
= apis ta Cre); 
2 
oy 2p1 i + pi?y2 = c2 f(x), 
a? y3 dys 


dx? TATE + 3py = + pitys = 0s f(x); 


and this may actually be verified by the same argument as was 
used in § 61. For, upon substituting the sum of these solutions 
in (172), we get 


EO) y= Fp) iyi Fp) yo Pp) ys, 


and (172) will be satisfied if the right-hand member of this 
equation sums up to f(x). However, when we separate F(p) 
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into its factors, and take account of the relations (198) which 
the y’s satisfy by definition, we get 
F(p) y = [aci(p — pi)?(p — ps)(P — ps) - > - @ — Ps) 
+ acolp — pi)(p — pap = Ps) > > P —Pe) 
+ asca(p — pa)(p — po) - (P— pd) +-- - THe). 


This, therefore, must be a true differential relation. Moreover, 
by Theorem VII, the differential expression to which it reduces 
upon combining the bracketed terms algebraically is also true. 
But upon multiplying (197), which is by definition a true 
algebraic equation, by F(p), we find that this bracketed term 


reduces to unity. In other words (4), is indeed equal to 


f(x). It follows, then, that Theorem IX is still true, even in 
the case of repeated roots. 

As for the evaluation of the expressions (198), that can 
most easily be carried out by means of the formula (182), 
which we know to be valid whether or not the roots pi are equal. 
It gives us at once 


v= ce ere fo fs a 

yo = (ax + ae)e”” + cae ff ef (dx)?, 

y3 = (a1 x? + agx% + a3)e"" + ¢3 cel (eters (dx)? 
Upon adding together the three corer for v1, ye and y3 


we get the portion of the solution of our equation which arises 
from the repeated root. It is? 


= (ay x? + agx + a3) Cue 


ri cre fe f(a) cs +00" ( fof) (dx)? 


+ cge” if i if exe) (dx)3, 


: ; ‘ , 
The a@’s, of course, represent different constants in each equation. 
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The portion of this result which is of primary interest is 
that which contains the arbitrary constants. If Theorem V 
had been used blindly, this portion would have been 


(a1 + az + a3) e”", 


in which there is essentially only one constant, not three. 
Instead, the correct result is of the form 


(a1 x? + Og x + a3) ia ae 


in which the constants are independent. 

The integral terms are also modified, as compared with 
(195) in that the sign of integration is repeated a number of 
times equal to the degree of the denominator of the partial 
fraction to which the term corresponds. 

Now this is a perfectly general result: for the solution 
required in the case of a fraction of the form 


I(x) 


Ages 
may be found by simply replacing all the p;’s in (182) by 
pi, ands by r. This has the effect of cancelling the exponents 
Pr-1 — Pr Pr-2 — Pr-1, * * * » Pi — p23 80 that when the paren- 


theses are removed it becomes ! 


a (arbors if dxtar2 { f (Coeaeme f if os { (éxy~) 
| ae peal : fe fla) (dx)". 


The last term of this is indeed of the same form as the integral 
terms of (195), except that an r-fold integration is demanded. 
As for the other term, it integrates at once into 


Qi 


Ae ee et) 


07 (ay + Ar-1 + 


Of 
q! 


1Note that a,— that is, the coefficient of p” in the polynomial (p — pi)'"—is 
unity. 
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which we might as well write 


25) 
ea, + apie + ayox? +--+ +x"), 


since the a’s are quite arbitrary. Hence we have the theorems : 


THEorEM X.— 2 particular solution of the differential 
equation 


(p — pi)’ y =f) 


all || . {em fla (day. 


THEOREM XI.— If a root p; of the equation F.(p) = 0 
in Theorem V is repeated r times, the general solution of the 
corresponding differential equation 


d 
r,(£)y =0 


Dit 


15 


contains the exponential e”* multiplied, not by one arbitrary 
constant, but by a polynomial (a1 x"~* + agx"* +--+ - + +a,) 
in which there are r such constants. 


As an example, consider the equation 
(P+De+)E+iy =x (199) 


in which the root — 1 occurs twice. Upon splitting Fup) into 
partial fractions we obtain 3(p) 


I (1 + 7)? (1 + 2)? I1+7 


—=— FS ———————————_— O_O 


p+1%—o+1) 4p 4a) 441) 2G Pa 


Hence, if the expressions cate oo an 

: p pt? @E pe one 
interpreted, the solution of (199) can be found. But 
must be the solution of std 


dy 
tae = *, 
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which is 
ae7+ otf ex dx =ae7*+x—1. 


Similarly ——— = ye" +1 — fxs On the other hand 
p +i : 


is the solution of 


(P+tin@ti)y=x%, 


which works out to be 


a 
(p + 1)? 


(a+ Bx)e 7 +e f fox (dx)? = (a+ Br)e > +x —2. 


Adding all these results together, the particular solution due to 
x is found to be 


eae ae een) 8h do aoe 
4 4 


while the general solution due to zero is 
(a + Bx) e7* + ye™™. (201) 


The sum of (200) and (201) is the general solution of the 
equation. | 

In dealing with this example we have actually carried out 
the algebraic transformations leading to (201). This, however, 
was not necessary ; for we knew in advance as a result of our 
general argument that it must take the form which we finally 
obtained. 


§ 63. The Exceptional Case of the Exponential Solution 


We have still one exceptional situation to consider, for we 
have seen that Theorem IV is only true provided F,(p) # o. 
But though Theorem IV is not true in this case, the methods of 
§§ 60 to 62 can still be applied, and equation (182) as well as 
Theorems IX and X are still true. By their aid we may deal 
with this difficulty also. 
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As an example, consider the equation 
d 
r+yne -= 


or, in operational form, (p + 1) y=e *. By either (78), (182) 
or (195) the solution of this equation is 


y= ee at ctf ee dx 
="Oe sperees. 


Before commenting on this expression, consider the further 
example 


dy ‘ 
ee : 
or, in symbolic form, (+1)? y=e *. By Theorems X and XI, 


its solution 1s 


y = (ax? + agx + as)e* + & ier (dx) 


3 

= (ar x? + agx + a3)e97 + ia 

These solutions differ in form from those which would be 

expected if p were not a root of the auxiliary equation only 

in the inclusion of a power of « in the particular solution. The 

change is therefore similar to that which occurs in the com- 

plementary part of the solution when roots are repeated. But 

the important thing to note is, that the operational methods 

built up in §§ 60, 61 and 62 apply even when the exponential 
method of § 55 fails. 


PROBLEMS 


2) (p* — 3p? + 3p? — py = e% 
3. (p? — p? +p — 1) r= cos 8, 
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_ 4. Discuss the types of transient current which may flow in the 
circuit of equation (163) when R2C = 4Z. Drawacurve representing 
a typical case. 


§. Solve equation (90), § 33. 


6. What form of function, in the case of the Cauchy equation 
is analogous to the exceptional case of the exponential solution dis- 
cussed in § 63? 


7. Extend your essay of Problem 8, § 61, to cover the case of 
repeated roots in the Cauchy equation. 


8. Solve the equation 


dy dy I 
ove 28 ass ta VE 
Ca as x 


g. Solve the differential equation (199) by the use of formula (182). 


§ 64. 4 Peculiar Property of (186) and (195) 


In § 21, and again in § 25, we cailed attention to the fact 
that the arbitrary constant which arises in connection with an 
indefinite integral, such as (51) or (56), can equally well be 
written as a limit of integration as in (52) and (63). This 
fact does not depend at all upon the nature of the differential 
equation which gave rise to the integral, but is perfectly 
general; for example, the constant of integration which appears 
in our formula (78) for the solution of a linear differential 
equation of the first order might just as well be written as the 
lower limit of integration, thus throwing the formula into the 
form . 

z 
ee oS hae ef hie - dx, 
x0 
in which xo plays the same role of arbitrary constant as was 
played by the @ of equation (78).! Similarly, we can add 


1 We could add limits of integration to the integral signs which occur in the expo- 
nents if we wished to doso. But while this would do no harm, it would also do no good, 
because upon referring to the derivation of (78) it will be found that the same arbitrary 
constant that wis added to one of the exponents would have to be subtracted from 
the other, and thus the two would cancel. 
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limits of integration to (182) to take the place of the solution 
of the complementary equation. When we do this (182) takes 
the form 


Dst z z z 
yet ii oie 1- 9 i Me { e-™ f(x)(dx)', (202) 
as Zz zr Zs 


in which the arbitrary constants are x1, ¥2,°-° + Xs This is 
the general solution of the differential equation 


F.(p) y = f(*)s 


just as truly as is (182), and from it any particular solution 
can be obtained by assigning an appropriate set of values to 
the arbitrary lower limits of the integrals. 

Now it is a remarkable property of this form of expression 
that 


THEoREM XII. — Jf all the lower limits of integration 
in (202) are assigned the same numerical value (which we 
may call xo), the solution satisfies the following set of bound- 
ary values: that not only y but its first s — 1 derivatives as 
well shall all vanish at the point x = xo. 


That this is true follows at once upon writing down the 
various derivatives of (202), and then replacing « by xo. The 
equations, however, are rather complicated and we shall 
not attempt to reproduce them. 

Instead we turn our attention to (195), which represents 
the general solution as it was obtained from the process of 
partial fraction expansion. We can again say that the arbi- 
trary constants of integration can be replaced by arbitrary 
lower limits of the integrals, thus leading to the formula 


y = Pa cer f e f(x) dx. (203) 


j 


Moreover, it is again true that 


TuHeoreM XIII. — If the lower limits of integration in 
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(203) are all equal to xo, y and its first s — 1 derivatives 
vanish for this value of x. 


We shall carry out the proof of this theorem. To begin 
with, however, we need certain relationships between the con- 
stants c; and p; which appear in (195), and these we can derive 
most easily from (194). 

Since F’,(p) is known to be of the sth degree, the Taylor’s 


series for must be of the form 


I 

Fp) 
I k if 

ete 8: (204) 
That is, all the terms with exponents smaller than s must 
disappear. On the other hand, if we expand the terms on the 
right-hand side of (194) in descending powers of p and add 
together the various series which we get in this way, the sum 
must be this same series (204) ; for it is a well-known theorem 
that the Taylor’s series for any function is unique. Suppose 
we carry out this process. From the first term we obtain 


C1 C1 C1 Pi es Piz 
pone sires Lely ee RON 
Pepi SP) ps [ee 
from the second 
C2 C2 , Cope , C2 pr 
panes Bett Bae on 
Pepe spy spe Pp’ 
and soon. From the fact that the sum of all of them must be 
identical with (204) we conclude at once that the coefficients 
of all the terms for which the exponent of 7p is less than s must 
sum up to zero. This gives us the desired relationships 
COAT Cal tae BOT hes TO, 
CPU te Co Pot es ata be Da 20, 


Cipie an Co Pore is tate Cp =O, 


5) 


(205) 


GApee Cape neereat? 2 hice pestis O. 
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We are now ready to prove our theorem: that is, that the y 


defined by 


s x 
= lye ce Cu he) axe (206) 
j=l 
x9 
vanishes at x = xo together with its first s — 1 derivatives. 
That y itself vanishes is immediately obvious, for when 
x = xo the limits of integration become equal and therefore 
every term in the sum vanishes. To see that the derivatives 
vanish we make use of (189) and (191). From these it follows 
that 


a Sia se 
eae LD; i ay aC, 
or remembering the first of equations (205), 


d 

- ma Lp; yi. (207) 
We have already called attention, however, to the fact that 
every term y; in (206) vanishes at x = xo. . Therefore, (207) 
must also vanish at x = Xo. 

Proceeding one step further we differentiate (207) and 

obtain 
ae Te = Lip?y; + f(x) Ler pi, 


the last term of which again drops out because of the second of 
of equations (205), while the first term vanishes at x = xo 
because every y; is zero there. . 

It is obvious that we could continue this process step by 
step as long as the relations (205) hold out: for the third 
derivative we would have to make use of the third of relations 
(205), for the fourth derivative we would have to make use of 
the fourth equation, and so on. Therefore we conclude that 
as many derivatives must vanish at » = xo as there are equa- 
tions in the set (205), and this number is obviously s — 1; 
hence Theorem XIII is proved. 

As an illustration, consider again the equation (183) and 
its solution (196). According to Theorem XIII, we can cause 
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both this solution and its first derivative to vanish at x =o 
by dropping entirely the terms which contain arbitrary con- 
stants and adding the limits o and x to the integrals. When 
this is done and the integrations are actually carried out they 
lead to 

we x I 

1 Boa, aco) et eye ey) 

ee Rey 4 
The reader can readily assure himself of the fact that both 
this expression and its first derivative really do vanish at x = o. 


§ 65. Non-Integrable Functions 


The general idea of treating differential operators as if they 
were algebraic quantities can often be used to attain valuable 
series expansions of integrals which cannot be evaluated in finite 
form. We may illustrate the general line of attack by the 
consideration of one or two special examples : 

In § 59 attention was called to the fact that neither (176) 
nor its operational form (177) could be integrated in finite form. 
On the other hand, in Problems 1 and 2, § 25, the reader has 
already found that (176) could be expanded in either of two 
series, one in the ascending powers of x and the other in descend- 
ing powers. Similar results may also be obtained directly 
from (177). : 

If p were an algebraic quantity, 
in either of the two forms s 


could be expanded 
—I 


oes — ae hee, oe 
eats et Ey ae 2 ) 
or 
I I I I 
=-+—4—+4 
Dea iy emiy ad 


If it is assumed that the same process is legitimate in the case 
of the operator, it follows that, in the first case 


aL eA AALS Vette Dhar sD, i. 
ag a Le haa > 
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and in the second 


iia root ‘el 
YS a ase 
LX OP ne 
However, the terms of the first series are the successive 


ace I ; ; 
derivatives of —, so that, in series form, 
x 


which agrees with the answer to Problem 2, § 25, except that 
the arbitrary term ae” has been omitted. 
Similarly, the terms of the second series are 


I I 
c -{t dx = log x, 


- = f log s dx = x (log « — 1), 


ea en I 
ne = { «(logs —1)dx= (log # —I- *), 


and in general 


she aes * (lo pene ee ee ; 
ee 6 pai n} 

By adding all these together, and noting that the coefficient 
of log x is identical with the series for e”, the result is found to be 

ee I x Di pet 

= elo roa a eG eae = 2) 

y 5 on T D) a a: 0) i 3 
This result is different from that obtained in Problem 1, § 25, 
though both involve ascending powers of x. 

It is entirely possible to justify the use of operational 
expansions such as these in a wide variety of problems, but the 
attempt to do so would be entirely beyond the limits of 
this textbook. We must, however, warn the reader that the 
method has its limitations and sometimes gives incorrect results 
when applied to situations for which it is not suited. He 
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should, therefore, never use it without either assuring himself 
in advance of the fact that it must of necessity give him a 
correct result, or else definitely establishing the correctness of 
his answer after it has been obtained. 


PROBLEMS 
1. Solve Problem 4, § 58, by the method of § 64. 


2. Solve Problem 2, § 63, subject to the boundary conditions 
that both y and its first three derivatives shall vanish at x = 1. 


3. The differential equation of Problem 8, § 58, has an operational 
fx) 

Ip+R 
treat it by expanding this operator in a series in either ascending or 
descending powers as in § 64. Upon attempting to do so, however, 
the reader will find that while one of these methods leads to a correct 
solution, the result obtained from the other one 1s incorrect. 

Plot the various approximation curves, as well as the true solution 


which they should approach. 


solution of the form It ought, therefore, to be possible to 


CHAPTER VIII 
Systems oF LINEAR EQUATIONS 


§ 66. General Outline of the Method of Solving Systems of Linear 
Equations 


The operational methods of §§ 60-65 can easily be extended 
so as to apply to systems of linear equations. To do this, we 
need only recall that the essential idea back of the operational 
scheme is that of regarding the symbol & as if it were an alge- 
braic quantity, carrying out our solution on this assumption, 
and then seeking some method of interpreting the operational 
answer thus obtained. 

It will probably make the general discussion somewhat 
simpler if we first illustrate the processes with which we are 
to deal by means of an example. With this in mind, consider 
the pair of equations 


ay dye 
Te ON amici yo = Xx, 


(208) 


If we replace the differential symbol s by p and treat it as if 


it were algebraic, we arrive at the equivalent operational 
equations 


(p? + 3) 91 + (Pp — 1) y2 
= (po) yi Pate 


If these equations were algebraic and we desired to solve them 
204, 


ao) 


I 


oO. 
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for the variables y; and y2, we would probably use the method 
of determinants and write the solutions in the form 


i ee i Nek 
ae (209) 
Di ee aE) 
where M1, M2 and A stand for the three determinants 
M, = I es =(p+5), 
° Dark 
Ms = Doon I =(p+ 9), 
(210) 
me Oy 0 
PCAN 2) pie 3) 


om pete ep 
imo uae 


Our next step must be to seek some way of interpreting these 
results. Suppose we try the expedient, which proved to be 
satisfactory in connection with the single linear equation, of 
expanding the operational solution in terms of partial fractions. 


We readily find that 


SS See ee Mga OSs! 
Cpa. 2)(p + 3) Dans p+e2 pt+3 aie 
oe =-4_;,—/,_s_, 

@+til(p+2e~+3) pri p29 p+3’ 
whence our operational solutions (209) become 
te 2 a 3 we T | 
TPE pee” | pees.” 
(212) 
4 (hee @ 


x. 


eer Rig 7 AG 


We learned in § 61 that when we were dealing with a single 
equation it was legitimate to interpret any operational expres- 
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sion, such as (188), as the solution of the corresponding linear 
differential equation (189). This led us to the general result 
(190). It is natural to try placing the same interpretation 
upon the six terms of (212) But we are now confronted by a 
question which did not arise in the case of a single equation. 
Since both y; and y2 in (209) have the same denominator A, 
the two equations (212) are actually composed of the same three 


: x z x and 

[oreo iaey oe Var 
coefficients being different. We believe that each of these 
should be interpreted as the solution of the simple equation to 


which it corresponds. The question which arises, however, is: 


terms x, only the numerical 


Shall we or shall we not require 7 * to be the same solution 


in both y: and y2? If we do, we shall have three arbitrary 
constants — one for each of the three terms — but the same 
three will appear in both equations. If we do not, the arbitrary 
constants in the second equation will be independent of those 
in the first. In one case we shall have three arbitrary con- 
stants ; in the other six. 

Obviously, our wisest course is to assume the second 
assumption to be the true one, for it leads to the more general 
result. Ifit proves wrong, we may then investigate the other. 

We easily find that 


I 
prt 
I ee —22 1 pes 1 
p+2” See +ils :), 
I I I 
pod aan eS 
the a’s being the arbitrary constants. If we follow our second 


assumption — that the constants in the various terms are 
entirely unrelated — we arrive at the alleged solutions 


x 


I 
g 
s 
d 

& 
+ 
— 
SR 
| 
4 
4 


— getZ — 2x —3. 
yi = 2a1¢ " — 3a2e ~+azse "~+2%x — $2 
3 


S) 
= =o —2z —3: 
ye = 404€ * — Jase" + Base” + $x — 34. 
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We must now determine whether or not these alleged solu- 
tions are correct. This can most easily be done by direct sub- 
stitution in the original differential equations (208). When we 
do this, however, we find that the left-hand side of the first 
equation reduces to 


8(ai — as)e* — 21 (a2 — as)e” + 12(a3 — as)e* + x (213) 
(not ~), while the left-hand side of the second equation reduces 


to 


_ 16(ay = as) Cat + 2T (ae _— as) aed 


ee (Ri) 
(not zero). In other words, our operational process does not 
lead us to a true solution of the equations if we follow our second 
hypothesis and allow a different constant of integration to be 
introduced in every term. On the other hand, if ai = au, 
Q2 = a5, a3 = ae, (213) and (214) do reduce to x and o, as they 
ought. The true solution is therefore 


4 6(as cae ae) e 


SY 201 € ~* — 30a2e7 7 4 age ** + 3 x = 48. 
y2 = 4a1e” — Fore” + 3a3e7" + Bx — 34. 

That is, our operational solution gives a correct result [ each 
partial fraction is given the same meaning, arbitrary constant and 
all, wherever it occurs. 

So far, of course, this statement is known to be true only of 
the particular example with which we are dealing, and our next 
step must be to assure ourselves of the fact that it is true in 
general. We may simplify our argument somewhat, however, 
by digressing long enough to introduce an artifice by means of 
which any system of equations can be reduced to another of the 
first order, and a generalization of our principle of superposition. 


§ 67. Another Principle of Superposition 


Let us consider two systems of equations: one the system 
Pap) Va aia Pp) yok eee F,(p) yr = fal), 
ake) ” aie Ne ” +--+-++ Fo,(p) x = fo(x), (215) 


BOE Lr iis: 5 eb rat + F,,(p) yr = f(x) ; 


hy 
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in which the F’s are any linear operators whatever, and the 
other a system identical with (215) except thathi(isfa GQ) cms 
f(x) are replaced by another set of functions Fie); Cae eens 
g(x). That is, we suppose we are dealing with any two iden- 
tical systems, except that in one case we demand solutions 
“due to” certain functions fi, while in the other we demand 
solutions due to certain other functions g Let us suppose, 
moreover, that we know a set of solutions for each of them: 


A a d(x), by oe 2(x), oat DNS Ore) tata ;(x) 
being the set due to /f; and 
yi = Wile), yo = Pole), > + +5 Ye = (x) 


that due to gi. 
Then we may easily prove the following theorem : 


TuHeoreM XIV.— The solutions of a system of equations 
due to the set of functions fi + gi are the sums of the solutions 
due to fi and those due to gi separately. 


To prove this, we need only notice that if we substitute the 
quantities 


meaathy, 
yo = be + yo, 
yr = Or + 


in the left-hand side of any one of equations (215) — say the 
first — we can rearrange the terms in the order 


[Fir(p) o1 + Pip) d2 + - - - + F1,(p)¢,1 
+ [Fu(p)yi + Fie(p)fo2 +--+ + + F1,(p) vel. 


However, the first bracket is equal to /i(~) by definition, and 
the second to gi(#). Similarly, had we substituted the same 
y’s in the second of equations (215) we would have gotten 
f2 + ge, and soon. This proves our theorem. 
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Now if Theorem XIV is true of ¢wo sets of functions f, and 


i, it is true of any number. In particular, it would be true 
of the sets 


1s Oy Oy ) 03 
Oy J25 Oy; B) O > 
Oy Oy, 1D > O35 
Oy Oy Oy 5) ue Py 


from which we conclude 


THEoremM XV.— The system (215) can be solved by 
adding together the solutions of the following r sets of equa- 
tions: (1) @ set in which every f except fi is replaced by 
zero; (2) a set in which every f except fo is replaced by zero ; 
- + +3 (r) a setin which every f except f, is replaced by zero. 


This theorem enables us to simplify our general study 
somewhat: for whatever we can prove to be true of a system 
in which every f but one is zero can be applied at once to the 
more general case. 


§ 68. The Relation between a Single Linear Equation and a 
System of Equations 


Suppose that in the differential equation (183) we arbitrarily: 


. Uae? ; 
introduce the notation cape yi. Then (183) becomes identical 


dx 


with the system of two equations 


d 
Soe te sis Bs = x, 
E (216) 
eee 


and it requires no great amount of effort to prove that when 
this set of equations is treated by the method used in § 66 it 
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leads to the same solution as that obtained in § 60. Similarly, 
: : d dy 

by introducing the notation y; = fo 2 Se ame the gen- 

eral linear equation (146) can be reduced to the system of 5 


equations 


a, 2 + 4.i1¥s1t+-+ + +ayi + ay = f(x), 
dy.-2 me 
Yea ae (217) 
dy _ 
Ne Ae TASS 


and it would be found, on carrying out the process of the last 
section, that both this system and the original equation (146) 
possessed exactly the same solution. 

Now the noteworthy thing about both (216) and (217) is, 
that no equation in either of them contains a derivative of 
higher order than the first. In other words, by the expedient 
of calling the derivatives by other names we have succeeded in 
replacing a linear equation of any order whatever by a system: 
of linear equations, each of which is of the first order. 

The same device can be used to reduce a system of equations 
to the first order. For example, the introduction of the symbol 


y3 for a reduces the set of two equations (208), one of which 


is of the second order, to the equivalent set of three first order 
equations 


da d 

dee ae, a 
d 

ye mer 


d 
— ys + 22 + 592 — 91 = 0. 


It follows, then, that any linear equation or any system of 
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linear equations, no matter what their order, can always be 
reduced to a system of the first order. 

From the standpoint of the practical solution of differential 
equations, there is nothing to be gained by this transformation. 
We can usually solve problems in one form just as easily as in 
the other; and indeed in those cases where there is anything 
to be said in favor of the one method rather than the other, 
it is usually in favor of not making the transformation. From 
a theoretical standpoint, however, the device is a very useful 
one,’ for because of it we may conclude that whatever is true of 
sets of equations of the first order must also be true of those of 
higher order from which they arose. 


§ 69. Proof of the Correctness of the General Operational Solution 


We have established the fact that, provided we are able to 
solve the set of equations ! 


(ap + a’) Ma (412 p + a'12) y2 
+ Seay hs + (a1, p + air) Yr = f(x), 


(421 p + @’21) y1 + (a22p + a'22) yo (218) 
+... oe (Grp + a'2r) Yr = 0, 


(41 p + a’) Sie (4,2) + a’,2) Yo 
= te as + CA ae Bagh Ve == (©) 


which are of the first order and in which only one f appears, we 
can solve the general set (215). We have reason to believe 
also, as a result of the example considered in § 66, that the 
solution can be found by the method of partial fractions pro- 

I 


f(*) exactly the 


vided we give an operator of the form 


may 
same meaning wherever it occurs. We shall see that this is 
really true. 


1It need hardly be said that some of the a’s and a’’s may be zero. 


\ 
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Let us solve (218) algebraically by the method of deter- 
minants. We thus get 


Mi 
JS Ke 5) 
eee f 
Ag (219) 
M, 
Dae 
in which A is the determinant of the system (218) and M, 
M2, - - -, M, are the minors of the elements in its first row. 
We now assume for the purposes of our discussion that A 
is of degree s in p,! and that no two of its roots pi, po, - - +, Ds 
are equal.2 Finally, we assume that 1, Mo, ---, M, are 


all of lower degree * than A. 
Under these assumptions, any quotient eas A may be ex- 
panded in the form 


M: Cik Cok Cok 
a 220 
i ris 2 i nek 2 Pee oe 
in which the essential thing to remember is, that the operators 
sere, eee 2 o5 are the same in every such 
i gs ee: (Rede BPs 


expansion, though the ¢’s by which they are multiplied may be 
different for the different M’s. 


1 Unless the a’s and a’’s happen to be such that the highest powers of p cancel, A 
will be of degreer. In any events Sr. 


2 The purpose of this assumption is merely to simplify our discussion. The modifi- 
cations introduced by repeated roots are exactly similar to those met in Chapter VII. 


’ They obviously are if A is of degree r. In case s < r, however, it is possible for 
one or more M’s to be of equal or greater degree than A. If so, the partial fraction 
expansion of M/A will begin with a constant or with a positive power of p. We could 
modify our proof to include these cases also; but it is probably best to have it under- 
standable even though some generality is sacrificed in making it so. 

The reader will find some degenerate equations of this sort among the problems at 
the end of the chapter. Indeed, the A of Problem 6 does not even contain p. 
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We now agree to substitute these expansions in (219), thus 


getting 
ee ee Se er 
yom en te E+ +60 a, 
Yr = Cir f a6 cates: Seema 


p—p’ 


and to give to exactly the same interpretation in each of 


these equations. ‘That is, we shall write as our a//eged solutions 
J = x Civ (%), 
pail 
y2 = 2 c2V;(%), (221) 


BG tes a Cir Vi(*), 


where y; is found by solving 


dy; 
t — pati = fle) (222) 
to be 
Ww; = ajem + er {"e-0" fls dx. (223) 


We shall prove that these alleged solutions really satisfy 
(218) by actually substituting them in these equations, and 
showing that they are satisfied. For this purpose, however, 


we shall need values for ayy money ey: . From (221) we see that 
ax ax 


all these derivatives have the same form 


dyn ss ahi, 


— ik 
dx jel : ax 4 
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' ay; 
or, if we replace ht by the value pw; + /(*) deduced from 
(222), 


a: D cupivs + f(x) Yen (224) 


Finally, from (221) and (224) we get 
dy ; s ; s 
srr + AVE = >>: (ap; +4 Yon; + f(x) Lacin. 
x g=1 j=1 


We now go back to the first of equations (218) and note 
that every term on the left-hand side is of just this form. 
Hence, when our alleged solutions are substituted in this first 
equation they give 


dy x 
Ly = (an ge te a'r) | 
; ee (225) 
= » Di (ainps + a'1x) Cie; + f(x) 2 x AKC jhe | 


k=1j=1 


Similarly, when we substitute our alleged solutions in the 
left-hand member of the second of equations (218) we get 


Le 


: a 
p> (ass a + a'as)x) 
j x 
(226) 


>? > (Gop; + a3) Cie; a) > >» 2k C jke 
k=1j=1 k=1j=1 


The remaining equations could be thrown into similar forms. 

These quantities Zi, Ze, - - -, are the values which the left- 
hand members actually take when the alleged solutions are 
substituted in them. If the alleged solutions are true solutions, 
I; must be equal to f(x), while Zz and the other Z’s must all 
be zero. The problem before us is to show that the L’s really 
have these values. 
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To do this, we turn to our determinant 


A= aup t+ aii, ai2p + B12 es tae Gin Da ais 
adap + 4’ 21, 422 Pp + @'92, + + CA eid + a’, 
GA Pre A pip. GaP D 125. <" :6 "5 BrP G's 


and recall that the M’s are the minors of the elements in the 
first row. Hence, if we expand A in terms of this row, we get _ 


A= (aup + 411) Mi + (ap + a2) Mo+---, 
or 


x “ (Qirp + a’) = I. (227) 
k=1 


It is also known to be a general property of determinants 
that if these minors M1, M2, - - -, M,, are multiplied by the 
elements of any other row than the first, the sum of the products 
thus obtained is zero. Hence we get, from the elements of the 
second row, 


ah se (Garp + a’2x) = 0. (228) 
k=1 


Similar equations could be written for all the other rows. 
We now replace M,;/A in both (227) and (228) by its value 
(220). The results are 


pe: Peale 94 45) Pe ” Cox(ainp + 41%) 


=f (226) 


ara 


and 


pao y Cir(Gonp + 4’2x) + a y _ C2u(a2xp + 42x) 


r 


+. ahs ——— D ¢u(aop + 4’2x) = 0. (230) 


Ps r=1 


216 ELEMENTARY DIFFERENTIAL EQUATIONS 


Of course, there is an equation similar to (230) for every other 
row of A. 

Now all these equations (220) to (230) are true for every 
value of p. Suppose, then, that we first multiply (229) by 
p — pi, and afterward let p approach p;. It is obvious that 
every term except the first must vanish, for they all contain 
the factor p — p1. Hence in the limit, when p = pi, we have 


Tr 
2 Cin(Aiz pr + @',) = 0. 
k=1 


Next, let us multiply (229) by p — pe and then let p 
approach po. We get 


x Cox(Ginp2 + @’1x) = O. 
k=1 
In general, if we multiply (229) by p — p; and let p ap- 
proach p; we get 
2 Cik( Ain DP; a ain) = 0. 
=1 
Moreover, by treating (230) in the same way, we can con- 
clude that 
2 C ix (2x Di = 2x) =' ©. 
61 
A glance at the first terms in the right-hand members of 
(225) and (226) now shows, however, that the summations with 


respect to & are of exactly this form. Hence these terms drop 
out and leave us 


i= JO a = Ark C jx (23 1) 
and of. 
Lo fe) a x GG Css (232) 


Of course, the other L’s take similar forms. 
Next, we turn again to (229) and let p approach infinity. 
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; a : 
Since every term is of the form c Hod 


, they all reduce in the 


. . 
limit to terms of the form ac. Thus (229) becomes 


i T Tr 
p> Digi p> @1n€a, +> -: + >> Gir Cskr = Iy 
k=1 t=1 k=1 


or 


$ Tr 


ee Ay Ci, = I. (233) 


j=1 k=1 


By treating (230) in exactly the same way, we get 


DS aon = O, (234) 
j=1k=1 
and other equations of this latter type would be obtained from 
the other rows of A. 

We now observe that the summations which still remain 
on the right-hand side of (231) and (232) are just (233) and 
(234). Hence 

Ly = f(x), 


Ls =o. 


In other words, our alleged solutions have indeed made the 
left- and right-hand members of (218) equal. 
We may therefore state the following theorem : 


Tueorem XVI. — It is legitimate to expand in partial 
fractions the operational solution of a system of linear dif- 
ferential equations with constant coefficients, provided any 


partial fraction f(x) is given exactly the same inter- 


Ps 
pretation — constant of integration included — wherever it 
appears. 


Of course, our proof of this theorem is only valid so long 
as the roots of A are distinct and the minors M are of lower 
degree than A itself. The theorem itself, however, is true 
even when these conditions are not satisfied. 
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§ 70. The Solution of a System of Differential Equations Subject 
to the Boundary Condition that All Variables Shall 
Vanish at the Same Point 


There is one set of values of the arbitrary constants in (223) 
which is of peculiar interest: namely, the set in which every 
a;is zero. When this set of values is used every ~ vanishes 
atx =o. Hence by (221), yi, yo, - - -, y, are also zero at this 
point. 

This property is entirely analogous to the one developed in 
§ 64 for the case of a single equation of order higher than the 
first. In fact the result of § 64 follows immediately from the 
present argument, for, as we saw in § 68, we can reduce a single 
equation of high order to a set of first order equations by the 
expedient of introducing new variables to represent the suc- 
cessive derivatives. Having done this, (221) would tell us that 
not only y itself but all of its derivatives of order less than s 
would vanish at x = o. 

The argument of the present section, however, applies 
equally well to a set of linear equations of any order whatso- 
ever, since, as we have already seen, any such set can be 
reduced to a new set of first order equations. To do it we need 
only introduce new letters for all the derivatives of every vari- 
able except those of the highest order. To say, then, that every y 
in the new system vanishes at x = 0 is equivalent to saying that 
every variable in the original system also vanished at x = 0, 
together with all of its derivatives up to but not including those 
of the highest order.! 


§ 71. The Special Case of f(x) = 


There are two special cases of (221) which have come to 
have special names and are frequently referred to in engineering 


1 This result is always true under the hypotheses with which we worked in § 69. 
It is even true if the roots of A are not all distinct. But unlike Theorem XV it is not 
always valid when the other hypothesis is violated; that is, when one or more M’s are 
of as high degree as A. In such cases the partial fraseon expansions may have certain 
terms which require no integration and which do not vanish when x = o. 

Among the problems at the end of § 74 are some examples of this sort. 
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literature. The present section will consider the more general 
one of the two, which is known as the Generalized Heaviside 
Expansion Theorem, while in the next section we shall consider 
the more special case that is known as the Heaviside Expansion 
Theorem. 

If we assume the function f(x) on the right-hand side of 
(218) to be an exponential Be” and require our solution to 
satisfy the special set of boundary conditions discussed in the 
§ 70, (223) integrates at once into 


Ce err 

Persp 5 

Suppose now that we substitute this in (221), and then break 
it up into two sums, the one containing all those terms in 


which the exponential e”” occurs, the other containing the 
remaining terms. The result is 


¥;= 8B 


Bg > ss Lay py CESS 2 
ye eth ae Ae ee (235) 
Now let us go back to (220) and notice that the summation 
which occurs in the first term of (235) is exactly Mi(p)/A(p), p 
meaning here of course the number which occurs in the exponen- 
tial e””. Introducing this in (235), we have the final formula 


M,.(p) oP > Cuer 
A(p) Ne yt, 


(236) 


This result is exceedingly simple. Not only is the term 
M,/A obtained by merely replacing the differential symbol p 
in (218) by the number p, and then solving the system of 
equations as if it were algebraic instead of differential; but 
even the second term of (236) is obtained by expanding M;/A in 
a series of partial fractions, and then multiplying each one of 
these partial fractions by the exponential e””. 

In other words, when the function fon the right-hand side of 
(218) is an exponential and when all of the variables in the 
desired solution are required to vanish at x = 0, the solution 
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can be obtained by purely algebraic means without any use of 
the Calculus whatever. 

As an example, suppose that the right-hand side of (208) 
had been cos instead of x. As this is the real part of e%, 
we may obtain our solution by first finding the solution due to 
this exponential and then keeping only the real part. For the 
first terms of y; and yo we set p = i in (210), since 7 is the 
coefficient of x in our exponential. This gives us the terms 


My ¢ @ A) a, 
Lor ee ae 


Mo viz - = re 
Ay. \te\aerlameyae 


For the second terms of (236) we refer to equation (211), which 
we modify, both by introducing the particular value p = i 
with which we are dealing, and also by multiplying each term 
by the exponential term to which it corresponds. This gives us 


ae" ea nel, elk del 
: SS . 
i+] 1 2 : 2 
ae 4 —. "Aiea 2 3 e~ = 


When these two sets of results are collected together and their 
real parts are sorted out, they give us the desired solutions 


Rhee iG = 1 6 8 3 o~32 
y= yo cose + sinx —e*+8e * — he ™ 


y2 = Yo cose + 75 sinw — 2e°* + 44e7* — 9 oo ™ 

The practical importance of (236) lies in the fact that 
electrical problems very often lead to the boundary conditions 
discussed in $70. If, then, the electromotive force happens 
to be of the form cos p# or sin pt, which it often is, we can obtain 
the particular solution which satisfies the boundary conditions 
by merely carrying out a certain amount of elementary alge- 
braic manipulation. No integrations are necessary. 
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§ 72. The Heaviside Theorem 


The result which is ordinarily spoken of as the Heaviside 
Theorem in books on electricity is a theorem entirely analogous 
to the one stated in § 71, but which assumes that the function 
f(*) is a constant E instead of an exponential Be”’. That is, it 
corresponds to the electrical case of a steady electromotive 
force applied at a certain instant, instead of to the case of an 
alternating electromotive force. 

The constant £, however, may be written Ee°” as we have 
several times done in the past. As there is nothing about the 
argument of § 71 which requires that p shall be different from 
zero, it follows at once that the solution of our present problem 
can be obtained by merely writing zero in place of p wherever 
it occurs in (236). The result is 


Oz 


M,(0) S Cne 
NG a ee : (237) 


Soe 


For example, if we were to solve (208) with the x on the 
right-hand side of the first equation replaced by 1, and subject 
to the boundary conditions that not only yi and y2, but the 
first derivative of yi as well, should vanish at x = 0, we would 
obtain the first terms of (237) by replacing p byzeroin M/A and 
M2/A. This would give us 3 and 3, respectively. For the 
second terms of (237) we would set p = 0 in (211) and multiply 
each of the terms by the corresponding value of e””. The 
final result would then be 


é = 3 .-—22z 1 ,-3z 
ail = 3 == DG z + 9 ETS ) 
= =H) —3 


§ 73. Transient and Steady State in Electrical Networks 


The applications of the laws laid down in § 17 to a circuit 
of more than one mesh leads to a system of linear differential 
equations. One example of this sort was given in §17. 
Another will be presented here. 
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The differential equations controlling the flow of current 
in the network shown in Fig. 41, when expressed in terms of 
seine es are 


ie 


ee rs Ro alle — x2) = EQ), ae 
dx Ae: (aye 
7 (ie = x1) + R= = 03 (ee 


Fic. 41 


or, in operational form, 


(1p? + Ret 2) -2=8, 


—S4 (rp +2 A) =O. 


»» 


Their “operational solution” is therefore 


(erage 


gg 
CA(p)’ 


“1 = 


v2 = 
where 
A(p) =|Le? + Rp +a. -Z 


2 Ries 
C p ta 


For the currents the solutions are 


dxs bps 
dt ON@)s 
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Now let us assume that this circuit is in idleness until 
the time ¢=0, and that then the electromotive force 
E(t) = Eo cos nt is applied. By an argument entirely similar 
to that used in § 57 we find that at the instant ¢ = o both » 


dx 
and x2, and also 7? must be zero. These are exactly the 


boundary conditions laid down in § 70; and if we replace cos ut 
by e’” we may even make use of the special results of § 71. 
For this purpose, however, we must know the roots of A(p). 


We easily find that 


RO i= ERP? + (Re’ + z) p+ 75 Ds 


whence its roots are 


P=» 
_ —RCR'—L+V(RCR'+L)?—4CLR(R’ +R) 

Pe 2CLR’ > | (938) 
_ —RCR'—L—V(RCR +L)? = 4CLR'(R' +R) 
i 2CLR’ 


We are now ready to make use of the general formula (236), 
which gives us 


I 
Le eas 
A(in) j=-1 12 — Dy (239) 


3 
C52 
om — Eo » Grice 


I 
Bee SA (Gi,) j=1 in — Dy 


where the coefficients cj: and cj2 could be found by expanding 
r gy 
RP + G : 
A(p) CA(p) 
complicated expressions to write, and as their exact values 


are of no interest to us, we can best allow them to remain 
undetermined. 


and in partial fractions. They are rather 
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Finally, by differentiating (239) we find the currents to be! 


; Peete 
in(R mt) C21 p2 em €31 p3 e Ps! 


Pe a) "in — pe “it Pa Mage) 
= epi ue Ee _ 622 Pa pat C32 p3 pst 
fa 29 ORGS «ee pas 


Now let us return to (238) and notice that, like the equiva- 
lent expressions (164), p2 and pz may be either real and negative 
or else complex with a negative real part. In either case as 
time passes the terms e” and e”™ in (240) become smaller and 
smaller, and ultimately disappear. These terms are therefore 
“transients.” On the other hand, the term ¢” does not dis- 
appear as time goes on. It is the steady state to which the 
current eventually settles down. In other words the first term 
of the generalized Heaviside expansion gives the steady-state solu- 
tion of the problem; the remaining terms are transients. 

With this interpretation before us, we can write down at 
once a number of statements paralleling those in §§ 57 and 58, 
but applying now to a network of any number of meshes 
instead of a simple series circuit : 


(a) The roots of A(p) = 0 give us the natural frequencies of 
the network and also the exponential damping factors by which 
they are multiplied. 


(4) No matter which one of the currents we deal with, it has 
the same natural frequencies as any other. 


(c) The ratios E/J; and E/I2 are called impedances as before. 
The former, which gives the current in the mesh to which the 
electromotive force is applied, is called an input impedance; the 
other a transfer impedance. 


(d) The real parts of these complex impedances are called 
the input resistance and the transfer resistance of the circuit; 
while the imaginary parts are called reactances. 


1 The terms in p; disappear since the derivative of e?!! = ¢° = 1 is zero. 
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$74. The Solution of Steady-State Problems 


There is one outstanding difficulty with all this theory 
regarding linear equations: it requires time after time that 
we find the roots pi, po, - - -, ps of an algebraic equation. 
Now this is perfectly satisfactory so long as the equation hap- 
pens to be easy to solve, but when we attempt to deal with the 
common run of physical problems we find that many of them 
are far from simple. In fact, so unusual are the easy kind 
that a great deal of care must be taken to find problems and 
examples enough to illustrate our text. 

There is one type of problem, however, which does not 
suffer from this difficulty. It is the sort in which we are 
interested only in that particular solution which we have called 
“steady-state.” We have seen that such problems require 
only the writing down of the determinant A and the particular 
minor M in which we happen to be interested; for, by (236) 
and our subsequent interpretation of it in § 73, 


M(in) eit 


Eo A(in) 


is the steady-state solution due to the force Eoe™. As this 
process does not require us to solve the equation A(p) = 0, 
it is often possible to find steady-state solutions even when the 
transient terms are beyond our reach. 

For example, consider the network shown in Fig. 42. Its 
differential equations are 


(Boe Rel i RIy ask 

— RI, + (Lp + 2R) 12 — RI3 = 0, 
Beier each R) To Ria 0, 
Bien (hp 412k) Ia io: 


Suppose, now, that we wish to know what sort of current will 
eventually (that is, after transients have disappeared) flow in the 


226 ELEMENTARY DIFFERENTIAL EQUATIONS 


last mesh of this circuit in response to an electromotive force 
Eo cos nt. We write: 


A(p) =|Lp + R —R fe) fe) 
—R Lp+2R —R fe) 
fo) —R . fp 2k oR 
fo) fo) a2 IN Lp 2k 
= [4p* + 71RD? + SLR OL pa. 
M.i(p) =—|-—R Lp+2R — ARS ofS. 
fe) = Ko hp ais 
fo) fo) =—K 


|. | lee 
OUD 


Fic. 42. 


Thus we have J equal to the real part of 


EoR? en 
(L4 nt — 15L?R?2n? + Rt) — 7 (7L? Rn — 10L Rn) 
or 
EoR3(L!n* — 15L?R2n? + Rt) 
k= cos nt 


(L1nt — 15L?R2n? + R*)? + (723 Rn? — 10LR3n)?2 


(L4nt — 15L?2R2n2 + R*)2 + (7L3Rn3 — ToL Rn)? sin nf. 
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This much we can easily do: to find the transient solution 
of our problem, however, would be very difficult, as it would 
require the solution of a cubic equation. 


PROBLEMS 


I. Solve the system of equations: 


2 
(a) ey ae 1, 


ax 
d d: 
choca 
a7I, dIz 
Dy he LL ee 
(2) 7 ase el ee Iz = cos nt, 
Mee mealay Bit 
ae 


(@) (p+ 3) y1-— (DP +2) y2 =filx), 
(p+ 1) 7 + (p + 10) yo = fo(x). 


2. Solve 
(p? — 4) 1 + (9? +1) 972 =Alx), 
(p? + 6) 91 + (p? + 5p) yo = fox). 


(Since A is of lower degree than M1 and Mg, it is necessary to divide out 
the fractions M,/A and M2/A until a remainder of lower degree than A is 
obtained. This can then be separated into partial fractions.) 


3- Solve 
(p + 1) 91 + (p + 3) ye = fi(*), 
py t (p + 2) ye = fo(*). 


(By noting that y1 + y2 =/1 —/e, and substituting this in the differ- 
ential equation, it is possible to obtain the solutions at once. However, it 
is worth while to try to carry out the formal operational process.) 


CHAPTER IX 
OrHer Equations OF OrpER HIGHER THAN THE FIRST 


§ 75. Introductory 


We have now reached the end of what may properly be 
regarded as the legitimate field of an elementary text in 
Differential Equations; for equations of high order which are 
not linear, or which if linear have variable coefficients, usually 
require a special technique which is more properly reserved for 
an advanced text. Nevertheless, there are certain concepts 
which recur so frequently in technical literature that the reader 
will probably find an introduction to them of value. The pur- 
pose of this chapter is to provide such an introduction, not a 
working knowledge. 


§ 76. 4 Common Trick 


In § 33 certain second order equations were considered from 
which either ~ or y was absent, and it was found that they 
_ 
ax 
was regarded as the dependent variable. There is a closely 
allied trick, relating to certain equations from which both 


reduced immediately to first order equations when y’ 


x and o are absent, with which the reader should be familiar 


dx 


because of its almost universal use in mechanics and physics. 


Such an equation, when solved for a 5» becomes 
a 
G2 = f0)- (241) 
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$5: eC d Me 
Suppose this is multiplied by 2 = thus giving 


an (242) 


It is obvious, from inspection, that the first member is the 
dy 
dx 
tive of 2 {f) dy. Hence 


ee) 
x+ Bp i raceme 
\2f70) dy + a 


is the solution of (241). 

When properly viewed, this trick is identical with the 
processes of § 33, as may be seen by carrying out the solution 
as would have been done in that section : 

dy dy" 


Writing i y’ oe (241) becomes 


y’ dy’ = fly) dy. 


This differs very little from (242). In fact, if it is multiplied 
by 2 and divided by dx, it becomes identical with (242). Its 
solution is obviously 


y? = 24 fy) ay +a, 


2 
derivative of ( ) , while the second member is the x-deriva- 


l 


2 Sf) dy +o (243) 


and 


which is identical with (243) ; and from this point on the two 


methods are quite the same. 
Neither method of attack is greatly to be preferred over the 
other: such advantage as there is lies with the method of § 33, 


aie 
which is capable of solving equations from which oe is not 


absent, whereas the other method is not. The example given 
in § 33 is a case at point. However, the point of view of the 


\ 
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present section is so widespread that the reader is certain 
sooner or later to come in contact with it. 


§ 77. Solution in Series 
In § 25 attention was called to the fact that differential 
equations frequently lead to integrals which cannot easily be 
evaluated, and it was shown that these integrals could often 
be expanded in series of one sort or another. Again in § 65 we 
found that the use of operational methods could lead to series 
solutions. The use of series, however, is really much broader 
than might be inferred from these examples, for they can be 
called into play when the solution of the equation cannot be 
written in the form of an explicit integral, or even an “‘opera- 
tional solution.” The second illustration of this section is of 
that type; while the first is merely an illustration of the 
method of attack. 
Suppose it is desired to solve the equation 
d 
ae | (244) 


The solution is obviously 


I 
5 fa ag PT: (245) 


but for the time being it will be supposed to be unknown. 
Suppose, moreover, that the solution is assumed to be written 
in the form of a series 


y=ataxtaxr+- EO (246) 
in which the a’s are all unknown. (Jf there is such a series and 
if it is convergent, the series for 2 can easily be found by dif- 


ferentiating it term by term. Moreover, the series for y? can 
be found by multiplying (246) by itself. The two results are 


dy ea ahaha ag xe . 
ee 1 2 343 4Gax° o>, (247) 


y? = ao? + 240d. x% +2a0d2 x2 + 2a9a3xK8 + -- - 


+ ay? x? + Wy aex> +-.. | (248) 
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It can be shown that two series 


Gotaxtagxt?+t... 


and 


bo t bx + box? + - 2 


never represent the same function unless every a is equal to 
the corresponding 4: that is, unless the series are identical. 
Hence if (246) is really a solution of (244), (247) and (248) 


must be identical, for both of the latter must be equal to aN 
This, however, requires that aK 


a, = ao’, 
242 = 24041, 
343 = 240d2 + a”, 


444 = 24943 + 2a1d2, 


From these equations it is easily seen that 


72 ed ao", 
a= ao°, 
a3 = ao’, 
a4 >= ao”, 


and that therefore (246) must have the form 
y = aot + dow + ao? x? ++ - -). 


This series is instantly recognized as having the sum 


se as 
De arden 
which is identical with (245) provided ao = — I/a. 


As a second example, consider the differential equation 


a? dy\? d 
sy 22 + (2) Pay att 2 0, (249) 
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which arises in certain fundamental studies connected with the 
vacuum tube. The circumstances of the problem are such 


d : : 
that y must vanish and = must equal unity when » is zero. 


Hence in this case a particular solution, not a general one, is 
desired. 
Assume, then, that 


y = 40 + ax + ax? + agx® ++ > 


is a solution. If it is to vanish at « = 0, d must be zero; 

way ; 
and if a is to reduce to unity, 41 must be1. Hence the series 
must become 


y= ut dex? + agne + asx* + - 


Its derivatives are obviously 


d s 

2 = 1 + 2a2% + 343%? + gaan? +--s, 
ay | 5 

Fan 242 + base + 1204 x +. 2 eA 


so that (249) becomes 


a2 
3D ae + 642% + 184a3x2 + 3644 .x3 


‘ + 642? x? + 24a2a3x3 +--+ - 
2 
+ i +1 + 4426 ++. 643%? - Sanne? 

+ 442? x? + 12d9a3K3 +-.-- 


d 
segs 4x + 1242x%?-+ 1643 x3 
+ 842 ee 
nye + x? + gox®t-.. 


>) 


O77: SOLUTION IN SERIES 233 


and therefore leads to the equations 


1042 + 4=0, 
2443 -- 10d_” + 1242 + 1 =0, 
4444 + 36a2a3 + 1643 + 842 + 242 = o. 
From these it is found that 
a, =— 2, a3 = 20, a4 = — 3300) ea 
The equation thus found is 
your —$xH? 4+ x — sou" +3, 


and as it converges quite rapidly it affords a pretty satisfactory 
solution of the problem with which it deals. No better solu- 
tion is known. 

There is another method of obtaining series solutions which 
is sometimes simpler than the one outlined above. We may 
illustrate it by the use of equation (244), which we have already 
solved subject to the boundary condition that y = a at x = o. 

We know that the Taylor’s series for any function y(«) 1s 


y(#) = yo +2 oe +2 ean = x8 


the yo, yo’, - - °, representing the value of y and its various 
derivatives atx = 0. We already know the first, yo, from our 
boundary condition. The second, yo’, we may find at once by 
noting that, since (244) must be true at x = o as well as else- 
where, the derivative yo’ must be equal to yo? and therefore 
to do?. As for yo’’, we may find it by differentiating (244), thus 
getting 

Py 4d 

dx? dx 

dy 

and then inserting the values which we know y and = oes , take 
atx« =o. This gives 


yo’ = 2ao°. 
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Similarly, 
dy dy\? d2y 
aes 2) Ty 78 
gives 
yo!” a 6404, 
and so on. 


Substituting these in our general formula for the Taylor’s 
series, we obtain 
y(*) = ao + 


G02 X . 2a? x2 . 6ao* x3 
1! 2! 3! 


This, of course, reduces to 
y = ao(t + Gow + aotx? + aix® +--+) = 


as before. 

This scheme for finding the coefficients in the series often 
requires less labor than. the method first explained; but it 
cannot always be applied. The reader will find, for example, 
that it does not lend itself readily to the solution of (249). 


40 
> 
I — aox 


§ 78. Pitfalls Connected with the Use of Series 


It must not be inferred, however, that a satisfactory power 
series can always be found. This is far from being the case. 
For example, the equation 


ary 2 = 2x03 '-- 7 


has as its solution 
y= Vax, 


a function which cannot be expanded in a series of the type 
246). If we attempt to get such a series we are led to the 
conclusion that all its coefficients must be zero. 
Similarly, the equation 
aie eee 
Se 
has as its solution 1 
a fs 
z 


I 


1 
J= Oke t= Ree 
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but upon assuming a series solution and determining the 
coefficients the result 


y= tiletalet+t 3la 4+...) 


is obtained This series diverges for every value of x, and is 
therefore useless for most purposes. 

In other words, it is possible to get no answer, as in our 
first example, or to get a useless answer, as in our second. 
What is worse, it is possid/e, though it is unusual, to get a 
wrong answer. This, of course, is not a valid reason for shun- 
ning series solutions, or even for insisting upon assurance in 
advance that they will lead to correct results; but it does 
make extreme caution imperative when such assurance is not 
available. 


§ 79. Bessel’s Equation 


Bessel’s Equation, 
2 
Gitrge ti aRae (250) 


the solutions of which are known as Bessel Functions, arises in 
many problems of mathematical physics wherein it is con- 
venient or necessary, because of boundary conditions, to use 
cylindrical coordinates. For example, the reader has met it 
in Problem 6, § 46. 


Let us assume as a solution of (250) the power series 


Ra=atarta@rt:--+art---. (251) 
Then 
aR . eo. ¢ te 
ane 1-242 +2 3437 + 5 
ais a= + 2a + SUE pate Dao 
rdr r 
R= ot  aitch a. 
R= — Way — a — ar — nagr + s 
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If (251) is to be solution of (250) the combined sum of all the 
right-hand members of these equations must be equal to zero. 
Furthermore, if this sum is to equal zero for all values of 7, 
the sum of the coefficients of like powers of r must be separately 
equal to zero. Therefore 2a) = 0, and if 7 is different from 
zero 

ao =O. 


From the second column above we obtain (I — 7?) a; = 0. 
Hence unless 7 is unity, 
a =O. 


From the next column we find (4 — 7?) a2 = 0, whence, 
unless 7 1s 2, 
a2 =O. 


Proceeding in this way, we can conclude that every a is 
zero up to dn. The column in which ap first appears, however, 
reduces to (”? — n?) an and is zero identically, no matter 
what the value of an may be. Hence the series (251) starts 
with the term in the wth power of 7, the coefficient of which 
may have any value whatsoever. 

Now consider the jth column, where 7 >. It yields the 
equation 

a; (n? eae) SS i= Oy 


From this it is immediately obvious that, since dn_1 = 0, 
Ont+1, Gn+38), Gnt+5y 2 *y 


are also zero. Also, it follows that 


An 
an42 = — ——— 
a 2(2n + 2)? 
a = eS 
eT 2 4(en Ga Onenae 
FNC) a oe 


an 
2°4:6(2n + 2)(22 + 4)(2n + 6)’ 


and so on. 
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We have now determined all the coefficients in the series 
(251) except a,, which is a factor common to all the terms and 
is arbitrary. It is customary to replace it by a new arbitrary 
constant, 4, such that 


ud, 


i 
- 2" n! 


Then it is easy to write all the coefficients in terms of this new 
A. In fact, we can deduce the general formula 


ee ae) eee, 
n+2p ore GW pip 


A solution of (250) is therefore 


r\" I rere I 
r=a|(?) a. (Z) (n+ 1)!i! 


hee I 
ee Pee 
The bracketed term is ordinarily denoted by /J,(r). It is 
known as the Bessel function of the first kind and nth order. It 
may also be written in the form 
ar 
2 


JAr) = (2) pe +p! pl (253) 


The discussion given above was based on the assumption 
that 7 is an integer. The method for fractional values of 7 
is similar. If 7 is fractional a series which satisfies (250) can 
be found in the form 


+1 
R= 4.7 +au417r° “ae hea 


in which, since z is fractional, all the powers are fractional. 
Physical problems sometimes lead to such fractional values of 
n, but they are not nearly so common in technical literature 
as are those involving integral powers. We need not discuss 
them further, except to remark that the bracketed term of 
(252), or (253), is still a valid definition of J,(r) even when z is 
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fractional, provided the factorials of the fractional quantities 
n,n -+1,+ + +, are properly interpreted. 

Finally, some problems of mathematical physics, notably 
that of determining the effective resistance of a conductor 
carrying a high-frequency current, lead to equations identical 


with (250), except that r is replaced by a new variable Vee q> 
in which g is a real quantity. Even in such cases, however, (253) 
is still a valid solution. If, then, we write ae ig wherever r 
appears in (253), the right-hand side of this equation becomes 
complex. It is customary to think of the real and imaginary 
parts of this equation as separated from one another, and to 
denote them by the symbols ber, g and bei, g, respectively.! 
In other words, ber, g and i bei, g are the real and imaginary 


parts of J,(V — iq): 
JiV — iq) = berag + 7 bets ¢- 


Equation (250) is a second order differential equation and 
its complete solution should, therefore, involve two arbitrary 
constants. The solution given in (252) involves only one, and 
is therefore not the gevera/ solution of the problem. It can be 
shown that, when 7 is of an integer, the general solution is 


R=AJ,(r) + BJ»), 


where J_,(r) is defined by merely writing — ” in place of n 
wherever it occurs in (252). On the other hand, when 7 is 
an integer the J_,(r) thus defined proves to be either equal to, 
or the negative of, J,(r), so that 


R=[44 Bl J.(r) = CI). 


As this contains only one arbitrary constant, there must be still 
another solution for (250) when 7 is an integer. This solution, 
for which a series can be found by a method into which we need 
not inquire, is ordinarily denoted by K,(r) and is called the 
Bessel function of the second kind and nth order. An important 


1 The de in these names is intended to suggest “Bessel,” while the r and / termina- 
tions, respectively, denote “real” and “imaginary.” 
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property of these functions of the second kind is that they all 
become infinite at 7 = 0. Since the boundary conditions 
imposed by most physical problems do not permit infinite 
values, the coefficient of B in the general solution 


R=4 ],(r) + BK,(r) 


is usually found to be zero, which is tantamount to saying that 
the Bessel function of the second kind is not involved in the 
solution of the problem. 

Extensive tables have been computed for Bessel functions 
of both the first and second kinds, as well as for the functions 
ber g and bei g to which we have referred. They are used in 
just the same manner as are the ordinary trigonometric or 
logarithmic tables. 


§ 80. Depressing the Order of a Linear Equation 


If, in attempting to solve a linear equation of order s, we 
know a particular solution due to zero, it is possible by its use 
to reduce the equation to a new one of order s — 1. 

To see this, suppose y = ¢(x) to be a particular solution 
of (134) due to zero. Let us replace y by the new variable z 
defined by the equation 


y = o(x)z. 
Then 
dy _ 46, , & 
ae aa 
dy do dz dd az (254) 


—= = y— 2— 

ax? ax? a dx dx 9? 
and so on. All of these equations are linear in 2 and its 
derivatives. Hence, when we substitute them in (134) we 


shall get a new /inear equation in z. dy 
What is more, the definition of any derivative qi in (254) 


4 e . 
begins with the term z “s, and this is the only term in which z 
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itself appears, rather than its derivatives. Hence, in our new 
differential equation for z, the coefficient of z itself must be 


do d*~'¢ é ( = 
HAC?) yee + fr-3(*) quis +--+ + fo(x) ¢; that is, FP: (x, P op. 


However, by definition, this is zero. In other words, the new 


equation involves the derivatives of z up to the sth, but not z 


F ; ; : ae 
itself. It is therefore of order s — 1 in the variable z’ = Te 
N 


As an example of this process, let us take the equation 
d*y ie 
Fa (255) 


one solution of which is y = sinx. If we write 


y = Zsin x, 


we find 
2 
os =—zsinx + 2cosx 5 + sine S, 
whence 
as 
sin % 7 AF 2 COS = 0, 
or 


The solution of this is obviously 


2’ Sin? w= a, 
or 
dz = a csc? x dx. 
From this we find 
2=B—acotx, 
or 
y = B sin x — acosx. 


This is indeed the general solution of (255). 
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As a second example, let us apply our process to Bessel’s 
equation (250), one solution of which is known to be TEAL 


We write 
R = z/,(r), 
AOR 2 
dr +h¢ a 
PR a? f dz], 
dr? Oe ee dr dr +15 = } 


whence (250) becomes 
da (dln ie i la 1d], es |e 
par? ae ie af Tee Fee i Hea: 


However, we know that the coefficient of z is zero, since J, is a 
solution of (250). Hence this ital reduces to 


fete + (2th fs 1 y,) a! ="0, 


or 


the solution of which is 


Zr), = 


z= B+ af a. 


Except for difficulties of integration, this is an entirely accept- 
able general solution of (250). From it, indeed, we could get 
the function K,(x) to which we eel in $793 but as it 
happens not to be the simplest way to derive it, it is perhaps 
just as well to refrain. 

The important point to note is, that in case a particular 
solution of a second order equation 13 known, the equation 
can always be replaced by another of the first oe and thus 


its general solution found. 


or 
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CuapTer I, §5, Pace 19. 


I. -— = 


ee gn (EOF *:) 


dwt "aye 

11. (% — cos 6)? + (y — sin @)? = r2. 

Deere ty i. (Tea 7). 

TQ0y) = — 4) Se 

14. * = sin 6 — cos*@; y = sin? @ — cos 0, 

15. 3 7/32. 

16. (2) Ordinary, 2nd order, 3rd degree, non-linear. 


() Ordinary, 1st order, 1st degree, linear with variable coefficients. 


(c) Partial, 2nd order, 1st degree, linear with constant coefficients. 


17. (2) Ordinary, 2nd order, 1st degree, non-linear. 
(8) Ordinary, 2nd order, 1st degree, non-linear unless f(y, z) is linear. 


18. aah 1¢ _ :) w= 3e", 
du u : 
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Cuaprer II, § 11, Pace 37. 


6’9 cos phi — 8’; cos plo 6’y sin phi — 6’; sin pto 
I.La= Se kt, Ea aes a Ee Re 
p sin p(t — fo) é p sin p(t — to) 
Oop cos ph — at sin pto Gop sin ph + 05 cos pto 
2.a= Saal any got TE RS SS SS a eee 


P cos p(t — hh) Pp cos p(to — ti) 


CuapTER III, § 20, Pace 56. 


do . ‘ 
+7 = k(0o — 0) where @ is the reading of the thermometer and 4 is the tem: 
t 


perature of the cold medium. 


Sf ay\* 4 fay\ts © 
wo i) 2) eA: 


d 
10. = = ky (¥ — 2). 


CuaprTer IV, § 23, Pace 62. 


I, tand=a-+ms/k; a=o. 
2y=ae ~+a/e. 
3. 9 =O +ae “; 0,520° higher than the surrounding medium; _ fair. 
4. (a) secx =a —tany. 

OyviaePeviayea 

(c) y=b+ax/(dx +1). 

M e(Nm—Mn)(a+h) __ ny 

SUG? = m eNm=Mny(a+k) 


6. y+ tan“t'y =a +x + log x. 


ANSWERS TO THE PROBLEMS 
Cuapter IV, § 25, Pace 69. 


x x 
Ly=e eee ae 


3. Cit = 0.3374; Ci 10 =— 0.0455. 


CuapTer IV, § 29, Pace 81. 
1. y =ae"/®, 
3. ax? + byx + cy? — gx +- ey = 
4. sin? + sin? y = a. 
5. t= mI +I V4 — m* tan [V4 — m? (log V7? — mtl + #)/m. 
6. r? — @ = ar, 
7. cos (aa + 48) + sin (ba + af) = yx. 
8. T?+ + 2sin(T/*s) =a. 
CuapTer IV, § 31, Pace 85. 
Iy=l + ae ?/2, 
2. xy =a —xcosx + sinx. 
3. x4y4 = a — 4xtcosx + 16 x3 sin x + 48 x? cos x — 96 x sin x — 96 cos x. 
4. pia) + al 1 — 0. 
5. T= (1 Fat t+ logs. 
6. y=ae *"* + sinx — 1, 
sec x + tanx 
a ane a 
8 y=ae +o —1. 
9. 0 =O tae, 
CuapTer IV, § 32, Pace 89. 
De xtyt2Fo2Vitaxy =at2Mlog(-1 + Vi + xy se 
3. @ = By — Hat 37) + ora + 37)”. 
4.2+1 = log(-1+ Vax + 2y) + Va + 2y. 
——— yng VA FT — tr — V1) 
5: eat —1V 24+ 7)Y Bea ain 
6. y = ax + ¢(a). 
a Y =a (x + Vx? — 1). 
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CuapTerR IV, § 33, PAGE gI. 


I. 
2. 
3- 
4. 
Se 


Io. 


Il. 


12, 


£33 


6 = asin (pt + 8). 

tand +a = ms/k. 

am(B-+ 9) = «(ematarle 4 g-meter/n), 
ne = V2¢/m$"*/onx?. 

12rnex + a 


= Ve + 8xmn V 00? + 2e(¢ — Vo) /m(V 008 + 2¢ (¢ — Vo)/m — 8/4nmn). 


. cpf(x) = asin (cpx + £). 
B+ ky = V1 — (ke +0)? + log (kx +0) — log (1 + V1 — (kx +.0)*). 


(2) 0 ae?" / 42, 


(3) sin“to = gia Vr aa 

() vp=a—ute/8, 

(2) log y = a — $ cos (x? — 1) — 4%", 

(e) a V x2 $y? = ean 'v/2, 

(2) v=1+ae—”. 

(4) log (1 + 0?) + 2 tan“u =a. 

(c) tanv = a + log log wu. 

x =a+Llogy — Llog(L— VL? — y) — VL? — y?, 
2logy =a+k («x — 2)% 

(m+1)0=Flt+1 —1/(¢+1)1/, 


CuapTER V, § 36, PAGE 99. 


I. 


(27 y? — 2 x3)(16? y4 — 32 x8y? + x8) = 0, 


dp\? 
(%) =p?(29—1); p= %. 


CuapTer VI, § 39, Pace 106. 


I. 


6 = 4°C. + 0.126 S/a. 


RS Cie)” (Ce 


3. The thicker wire. 
4. pH = 2nrg (80 + 61) tanh (pl/2). 
‘ §. 01 = kpo/(kp cosh pl + gsinh pl). 
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Cuapter VI, § 41, Pace rio. 
1. log B(x? + y?) =— 2 tana tan7! (y/x). 
2. * = By. 
2: V8 tanta —1 log B(y? tan a + 2 x? tana — xy) 
= 6 tan-[(2y tana — x)/« V8 tanta — 1]. 

4. (1 — By +7) = BV 1 — BV x2 (1 — B) + 208x — a? 

— alog (Wx? (1 — 6°) + 2086 — a? + x V1 — B? + oB/Vi — B). 
5. y? +22 =a + 2 log cos x. 


CuapTer VI, § 44, Pace 118. 


1. 24 gy = w (x4 — 4 Ix? + 6 Px?), if w is the load per unit length and the beam 
is held horizontal at x = o. 


2. 12gy = W (3 Ix? — 2|x|*), where x is measured from the knife edge. 


47 oY te) = a 


2. 
Re aa ors E (sin-s— : ) dies (: = *)|, where « is the length of the 


top and bottom arms, and yo is the deflection of the mid-point of the vertical beam. 


CuapTer VI, § 46, Pace 124. 


1. f(x) = 4 sin nx, where 7 is an integer. 


3. HG) = Besin (nme VT /m — C); ~ VT /m. 


4. They are proportional to the integers I, 2,3, +--+ - 
s. The amplitude and phase of the vibration. 

ax ax | 1 ax 

OP ere OF. 


CuapTer VI, § 51, Pace 144. 
1. (yi — y0)/(x1 — 40) = (y — y0)/(® = 40). 
2. sinh~! (1.007 y) = cosh (1.007 «) — 0.125. 
3. eK = 4 
4. A cylinder. 
5r= Vv 15 V/4r V cos 8. 


6. y = 1 + acosh(x/a) — acosh(1/a), where @ is a root of the equation 
2a sinh (1/a) = 3. This equation has two roots, a == 0.6165. The negative one 
gives a surface of maximum area. 
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7. Asphere. 
8 ¢ = 2/2. 


J d dy 
ESS) | SSS 
Via — log (x +»)? — ¥# 


Cuapter VII, § 56, Pace 163. 
r 8 = ae? + a.e ?*, 
2.y=me~+are %. 


3 y = ae + ae, 


47° = a, e798 + ag 99, 

5. y = ane + ase ™ + ase + age”, 

6.0 = ye a BT 8O8 4 gg BOY, 

Jy = a el 2+ VEL gy e(—-2- VE — 51h sint — 2d cost. 

8. y =aeV3 * +4 age V8% 4 Lsinx — yy sin 3x. 

9.x = ae V2 U-ot “oy Gr V2 (1-Ht a asev? (+t eee V2 +t a pre. 


to. x = ae /5 + shy sin 3t — aks cos 3. 
II. x =a tare + are” + ase + sige * 
14. y = a x8 + a2 x? + a3 + ax + gh x8 log x. 


15. x = (ai + a logt)/t+ asf? + ay t8 + zet5q [62 cos (3 log #) + 141 sin (3 log 4). 


‘CHAPTER VII, § 58, Pace 175. 


I 
Rcos nt — — sin nt 
a 7] 
1 T=—e VCR 4 
RC = Fo 


I 
—— 2 
Cn? ue 


R sin nt — Ln cos nt 
R24 Ln? 3 


t < t EoCn cos nt I I ; 
+ a2 sin ——= + ; TA 
ea 2 o : ey : n alternating 


I I 
f fi —a/—; I itely. 
current of frequency = Nic ndefinitely 


Ee t. Th d 
we, oS __ i 
2 / re on cos 7 e steady state is never 


aR P 
k= eam Lo Ky Zero. 


3. I = a1 cos 


reached. 


5. 1/ar VLC; No. 
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6. The natural frequency. 
E = 

cad = eo MU/2L sin np, 
8. R2Z =o, BO; 

RY = Rt—L (1 — e“ B/D), OSE <1; 

RI =— R(t— 2) + L(1 — 2¢7BG- D/L 4 g~ Rt/L) OR AE 

RI = L(e~ Bt-2)/L _ 9 g-RE-D/L + e— Rt/Ly, 2<t. 


Cuapter VII, § 61, Pace 189. 
ly=oe "tare +4427 Be 44; Yes, 
2. (a) ay = ae — ax —1, 


(2) at) y = we™ — [(ax)" + 0 (ax)"—1 4 n(n — 1)(ax)"77 4+... 4 nl], 
(c) (42 + n*) y = ae™ — asin nx — ncos nx. 
(2) (n-—a)y=ace* +e", 


Cuapter VII, § 63, Pace 196. 
1. y = (a1 tax) ec? + az€ ”. 
2. y = a + (a2 + asx + arg?) ee? + £ 
3. r = a1 e9 + a2 cos 0 + a; sin 8 — { (cos 0 + Ocos 0 + Osin é). 
8. xy = a1 + a2 log x + % (log x). 


CuapTer VIII, § 74, Pace 227. 
= x = Re le haeae 
1. (a) y=t—20 FF — (4—V 21) on e7 It V2 08/8 _ 4,49 ase 4 ates 
zeae + eens V24)2/3 ve See V2 2/3 


(6) Ty = (Faz +3 + 03%) e~' + (cos nt — n® cos nt + 2 sin nt)/(1 + n2)?, 
I, = (ay + a2t + a; #?) eum 
+ 2n (sin nt — 3n? sin nt — 32 cos nt + n§ cos nt)/(1 + n?)!. 
(c) y = are” + baz ol 3- V3 02/2 bas eee V3 02/2. 


pai tes Viera V502/24 4 (74+V 33) ast V502/2_ x /9, 
(2) ay.= (20 + ae + rape) oF + 0 fF ile) + fa)] de 
+ ef def A [6 fils) — 2fels)] dx, 
aya (a + ax) eo $f AL — file) + fale) de 
$e f de f A? [3Alx) — fal] de. 
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a 


bis 6y1 = aj et tkS + ag ex tie 


TE tht Ae) 
et) “a ie + 156A) de 
— $e fF far fle) + s fle] dey 
694 = Doyen 278 — Fagen 4+ TED play — fle) 
topo 2/8 f Hee + 105 fals)] de 
nee fe ** [63 f(x) + 15 falx)] dx. 


poe) ee ae 20 


df (x dfo(x 
aya = fr(x) — ae 2 
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